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Diffraction of axisymmetric waves in a borehole by bed 
boundary discontinuities 

W. C. Chew*, S. Barone*, B. Anderson*, and C. Hennessy* 

ABTRACT 

This paper presents the calculation of the diffraction 
of axisymmetric borehole waves by bed boundary dis- 
continuities. The bed boundary is assumed to be hori- 
zontal and the inhomogeneities to be axially symmetric. 
In such a geometry, an axially symmetric source will 
produce only axially symmetric waves. Since the bore- 
hole is an open structure, the mode spectrum consists of 
a discrete part as well as a continuum. The scattering of 
a continuum of waves by bed boundaries is difficult to 
treat. The approach used in the past in treating this 
class of problem has been approximate in nature, or 
highly numerical, such as the finite-element method. We 
present here a systematic way to approximate the con- 
tinuum of modes by discrete modes. After discretization, 
the scattering problem can be treated simply. Since the 
approach is systematic, it allows derivation of the solu- 
tion to any desired degree of accuracy in theory; but in 
practice, it is limited by the computational resources 
available. We also show that our approach is vari- 
ational and satisfies both the reciprocity theorem and 
energy conservation. 

INTRODUCTION 

The scattering of electromagnetic (EM) waves by horizontal 
bed boundaries is an important problem in borehole geophysi- 
cal probing. Bed boundaries change the response of tools, 
making the interpretation of logs difficult. With a good under- 
standing of the diffraction of waves by a bed boundary, we may 
be able to eliminate the effect of the bed boundary on tool 
measurements. 

A borehole passing through a bed boundary can be viewed as 
the junction of two open waveguides. For any wave incident on 
the bed boundary, the reflected and transmitted waves are 
determined by the requirement that the tangential electric and 
magnetic fields are continuous across the plane of the bed 
boundary. This condition can be phrased as an integral equa- 

tion for the field in the plane of the bed boundary. We extracted 
useful information from this equation by variational techniques 
(Angulo, 1957; Angulo and Chang, 1959; Bresler, 1959; Rein- 
hart et al., 1971; Hockham and Sharpe, 1972; Ikegami, 1972; 
Rozzi, 1978; Rozzi and Veld, 1980) Wiener-Hopf methods 
(Angulo and Chang, 1953; Angulo and Chang, 1959; Kay, 
1959; Aoki and Miyazaki, 1982) expansion in Neuman series 
(Gelin et al., 1979; Gelin et al., 1981), and mode matching 
(Clarricoats et al., 1972; Hockham and Sharpe, 1972; Brooke 
and Kharadly, 1982; Mahmoud and Beal, 1975; Morishita et 
al., 1979). The most significant technical complication of junc- 
tion problems in an open waveguide is the treatment of the 
continuous spectrum. Pudensi and Ferreira (1982) showed how 
the continuum modes (also known as radiation modes) can be 
systematically approximated by a set of discrete modes using 
Hermite functions, which form a complete set on an infinite 
interval. In this work, this technique is generalized to cylindri- 
cal structures and developed further by using more general, 
possibly nonorthogonal expansion functions. We obtain the 
discrete modes by solving the differential equation first, obviat- 
ing the need to formulate and solve an integral equation. It 
applies to an inhomogeneous waveguide of arbitrary profile. 
We relate our technique to other variational methods (Strang 
and Fix, 1973; Harrington, 1968). In the Appendix we show 
that the result is energy-conserving and that it satisfies reci- 
procity. We consider only the diffraction of axially symmetric 
waves here. The diffraction of nonaxisymmeiric waves will be a 

topic of future research. 

The geometric configuration we consider is shown in Figure 
1. The region p < h represents a fluid-filled borehole. The re- 
gions Ed, pi(p) where i = 1, 2 and p > b represent invaded 
zones in the rock formation that are flushed out by the drilling 
fluid, reflecting zones of altered electrical properties. Regions I 
and II are two different beds in the geologic formation being 
probed. The current loop can be either a magnetic current or an 
electric current loop since the two problems are duals of each 
other. The problem under consideration is axially symmetric, 
and hence two-dimensional (2-D). We subsequently show how 
this problem is reduced to a one-dimensional (1-D) problem. 
The method compares very favorably with the finite-element 
method (FEM) (Anderson and Chang, 1982; Anderson and 
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FIG. 1. Theoretical model of a borehole with a horizontal bed 

boundary. 

Chang, 1983) in computation time when the FEM is used to 
solve problems of this type. This is because the FEM essentially 
treats the problem as two-dimensional. Our approach finds the 
modes of the structure by solving a 1-D differential equation. 
We circumvent the need to solve a surface integral equation 
which usually is singular. Our approach is directly applicable to 
the modeling of the EM wave propagation on drill stems 
passmg through beds-(Wait and Hill, !9?9; Bangdowan and 
Trofimenloff, 1982) as well as the dielectric logging tool (Hu- 
chital et al., 1982; Chew, 1982; Chew, 1984) and the induction 
tools (Moran and Kunz, 1962). It can also easily be generalized 
to assess the effect of bed boundaries on other mandrel tools 
involving wave propagation phenomena. 

FORMULATION 

A vertical magnetic dipole can be formed by a horizontal 
electric current loop, while a vertical electric dipole can be 
formed by a horizontal magnetic current loop. We can con- 
struct a magnetic current loop from a toroidal antenna carrying 
electric current since magnetic charges or currents do not exist. 
Hence, we consider only the radiation of electric or magnetic 
current loops. 

From Maxwell’s equations, we show that if we have magnetic 
current only or electric current only, the vector wave equations 
satisfied by the magnetic field or the electric field are, respec- 
tively [assuming exp (- iwt) time dependence], 

EV x E - ‘V x H - dp&H = iweJ,, (1) 

and 

uV x pm ‘V x E - OI’~EE = iouJ, (4 

In the above, E and u are functions of r, indicating an elec- 
trically inhomogeneous medium. Equations (1) and (2) are also 

duals of each other. When J, and J, have only a @-component, 
are axially symmetric, and u and E are independent of 4 (i.e., 
axially symmetric inhomogeneities), H in equation (1) and E in 
equation (2) contain only &components. They are, respectively, 
known as transverse magnetic (TM) waves and transverse elec- 
tric (TE) waves. Under such assumption of axisymmetry, equa- 
tions (1) and (2) simplify to 

[ 

^ 
pp a -L 0 + p 2 12 + &)LPE 

dP PP aP az p az 1 
pA, 

= -iwplp6(p - p’)S(z - z’). (3) 

In the above equation A, is H, or E, depending upon whether 
it describes a TM or TE wave. We assume that the source is a 
current loop of radius p’ located at z’; p and I are, respectively, 
E and magnetic current for the TM wave whereas they are, 
respectively, u and electric current for the TE wave. 

For the geometry of Figure 1, we assume that E and u are 
arbitrary functions of p, while they are independent of z in each 
region. Hence, it is more expedient to find eigenfunctions which 
are the homogeneous solutions to equation (3) that satisfy 

[ 

a I a a2 
pp - - - + $ t w2p& 

3P PP dP 1 
F(p, z) = 0. (4) 

To find the solutions to equation (4) we apply the idea of 
separation of variables and assume that 

F(P, z) = C ./& (P)eik+pl, (5) 

where a, is a constant independent of p and Z. It follows that 

PP $ ; $ + W’PC: - k;‘, 
I 

f,(p) = 0, (6) 

which is a 1-D equation to be solved numerically. The bound- 
ary conditions to be satisfied by &(pj are that 

f,(P) = 0, p+m, 

and (7) 

if@(P) = 0, p = 0. 

If there is a center metallic pipe of radius a in the borehole, 
the boundary condition requires that the tangential electric 
held be zero at the pipe surface. Hence, for TM waves, the 
boundary condition is 

while for TE waves, the boundary condition is 

;fAP) = 0. (W 
,I = L? 

Notice that in the presence of a metallic pipe, the boundary 
condition for the TM waves at the borehole center is drastically 
changed. Hence, the presence of a center pipe in a borehole is a 
singular perturbation for TM waves, drastically altering the 
physical characteristics of the waves. 

To obtain the solution to equation (6), we attempt a numeri- 
cal scheme, so that solutions can be sought for u and E which 
are arbitrary functions of p. l’irst, we choose a set of basis 
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functions which is complete over the interval (a, + co), so that 
we can expand 

f;k’) = i b,,g,(p). (9) 
n=l 

Depending upon whether we are dealing with the TM case or 
the TE case, the boundary conditions on g,(p) on the center 
pipe surface are 

%,(P) =O, 
dP 

TM case, (lOa) 
p=” 

and 

$I.(,) =O, TE case. (lob) 
p=0 

The boundary conditions of equation (10) imply the boundary 
conditions in equations (8a) and (8b) if we are working with a 
finite summation in equation (9). Substituting the first N terms 
of equation (9) into equation (6) we obtain 

~,b,,[ppri~+02p.-k:,]g”(p)=0. (11) 
“P PP PP 

We multiply the above by (l/pp)g, (p) and integrate from a to 
cc to eliminate the p dependence in equation (11). 

Defining the inner product as 

(.Ls>= ‘x 
s 

dP ;/.(P)g(P), (12) 
u 

equation (11) becomes 

where 

B = g 
“It3 

i 

mr 
ppiirg 

FP PP ?P n > 
+ W2<& 1 w7”)> (134 

and 

G”, = <Y,> Y,>. 

Using integration by parts, we can show that 

(13b) 

B,, = - 
s L1 

a dP ; g;(P)&(P) 

s II 

+ 612 
0 

dp ; g. b)g, bX 

where the primes indicate derivatives with respect to the argu- 
ment of the functions. Hence, with the definition of the inner 
product in equation (12) B,, and G,, are symmetric matrices. 
They are also the matrix representations of the differential 
operator in equation (6). The symmetry of B,, and G,, is the 
consequence of the self-adjointness or reciprocal nature of the 
problem. Therefore, g, and g, are not necessarily orthogonal to 
each other, since p in equation (12) is an arbitrary function of p. 

The eigenvalues kzz in equation (13) are obtained by solving 

[Cm’ . B - k&l]b, = 0. (15) 

Because of the symmetry of the G and B matrices, the eigen- 

values thus obtained are variationally good. Also, if G and @ 
are Hermitian, the eigenvalues kzz are all real. This corresponds 
to the case of lossless media. We show in the Appendix that the 
procedure is also equivalent to solving for the eigenvalues of 
equation (6) using the Rayleigh-Ritz procedure, which is a 
well-known variational method. The eigenvectors can be ob- 
tained from equation (15), which can be used to derive the 
eigenfunctions in equation (9). If N basis functions are used in 
equation (9) equation (15) will produce N eigenvalues and N 
eigenvectors. Hence, there are N eigenfunctions available. 

Eigenvectors obtained by solving equation (13) satisfy G 
orthogonality, i.e., 

b; Gbp = 6,,D,. (16) 

Because of this, we can prove that the eigenfunctions are 
orthogonal with the inner product defined in equation (12), i.e., 

(17) 

We can define the eigenfunctions to be orthonormal but we 
leave them as they are. 

With the availability of the eigenfunctions and the eigen- 
values, we seek an approximate solution to equation (3) in a 
systematic fashion. First, we assume p to be independent of z, 
i.e., the bed boundaries are absent. In such a case, we can 
expand the field in terms of the eigenfunctions as 

(18) 

where a, is a function of z. Substituting into equation (3) we 
have 

+ PP $ ; fp + k’(p) 
) 

a, j;(p) 

= -ioplp%(p - p’)&(z - Z’). (19) 

Multiplying the above by (l/pp)fs(p) and integrating from a 

to a, weget 

iI $ [a, lm $&(P)l,(P)] 

+am[L’ ~ls(p)(pp~~~+k2)/;ip1] 

= -iwl&(z - z’)fs(p’). 

However, 

Im$/b(P)(Pp$--$+k2)L(P) 

1 k:z 
s 
a_ $/~(P)/&P) = k:~&Jh. 

Hence, equation (20) becomes 

8 
[ 1 2 + % ag = --iw 1&z - z’)fs(p’)DP’. 

Solving equation (22), we find that 

(20) 

(21) 

(22) 
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O’fP(P’) eikp,jr- ~‘1 

aB=-- 
Hence, the approximate solution to equation (3) is 

PA,=+ k ; 

N .L(P’)f (P) eikm,lr-r’l 
(24) 

al (ILCL 

The accuracy of the solution can be increased systematically 
if we take more terms in the expansion of equation (9), in other 
words, make N in equation (24) larger. Equation (24) is the 
general soluton for the case with a center conducting pipe. 
When the pipe is absent, the boundary condition for the TE 
case is still the same as given by Equation @a), by setting a = 0. 
For TM waves, the presence of a pipe represents a singular 
perturbation. Its effect is still felt no matter how small a is. But 
the TM case in the absence of a pipe is the dual of the TE case 
in the absence of a pipe. Hence, the solution can be derived 
from equation (24). 

BED BOUNDARY REFLECTION 

In the presence of a bed boundary at z = 0, we write the field 
below the bed boundary as the superposition of field due to the 
primary source excitation [equation (24)] and reflection by the 
bed boundary, i.e., 

The field above the bed boundary, or in region II, can be 
written as 

The radial component of the field can be derived by the equa- 
tion 

(27) 

where the “ + ” sign is chosen for TM waves while the “ - ” sign 
is chosen for TE waves. With equation (27) we derive that 

and 

(29) 

The expressions in brackets in equations (25)(29) are defined 
so as to simplify the derivation of R,, and T, later. We will see 

easily that equations (25H29) can be written more concisely in 
vector notation as 

ipA,, = - -!- f;(p)K,ZIIe’~““-“’ 
2P, 

-e’“‘~‘R,,e’~lrlZ”]KI’D1’fl(p’), 

and 

(32) 

x 6?‘~1~““JC,‘Q, ‘f,(p). (33) 

In the above, f, are column vectors containing the eigenfunc- 
tions.L,, K,, , and Q, are diagonal matrices containing ki,, , and 

D,> R12, and 5 1 2 are reflection and transmission matrices for a 
wave incident from region I to region II. 

Matching boundary conditions for the fields at z = 0, we 
have 

and 

f:(PKl+ 812) = f:(dT,,, (34) 

f:(P)K,,u- RI21 =~f:(P)K2zT12. (35) 

From our earlier discussion, f,(p) and f,(p) are related to the 
same basis set as 

f,(P) = !mP), 

and (36) 

f, (P) = b2 g(p), 

so 

f,(P) = b2 i?; ‘f,(P). (37) 

In the above, hi is a matrix whose rows contain the eigenvec- 
tars, and g(p) is a column vector containing the functions g,(p). 
Hence equations (34) and (35) can be reexpressed as 

g’(P)b:(L + R12) = g’(P)b:T,z, (38) 

and 

g’(P)h:ki.(L - PI21 = ; d(PNfZB2ZTl2 (39) 

Since equation (38) is to be satisfied for all p, we conclude that 

I+R1*=(b2b11)‘T,2. (40) 

For equation (39) we multiply by (l/pp,)g(p) and integrate 
from a to co to eliminate the p dependence. Since 

we have 

(41) 
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FIG. 2. The field is approximated with a piece-wise linear func- 
tion while the radial;electrical profile is assumed piece-wise 
constant. 

Glb:K,,a - Rl,) = G2b:KzzTlZ. (42) 

We simplify the above since we know that 

biGibf = Qi (43) 

is a diagonal matrix. Hence equation (42) becomes 

P,K,,Q - R12) = !?I& ‘QzK,,Trz (44) 

Eliminating XI2 from equations (40) and (44), we show that 

‘D,K,,U - RI*) = b,b;‘D,K,,(IL,b;‘)‘CL + RI,). (45) 

Solving the above, we obtain 

RI, = CDIKIZ + b,l?Y lDz Kzzo?,!?,‘)‘l~’ 

x CQIBIZ - b,b;‘&K,,h!?;‘Y1~ (46) 

and 

x CDlKlZ + b,b21D2K2r(blb;1)7-1PlYlz. (47) 

Note that these reflection and transmission operators ob- 
tained also can be derived by solving the surface integral equa- 
tion associated with the bed boundary. However, we obtained 

them through indirect means, that is, by first finding the matrix 
representation of the differential operator in the original differ- 
ential equation. The matrix representation of the Green’s func- 
tion is the inverse of the matrix representation of the differential 
operator. Our procedure is valid for boreholes of arbitrary 
inhomogeneous electrical profiles having many bed boundaries 
and radial inhomogeneous layers. However, the programming 
task becomes more tedious as the number of bed boundaries 
increases. 

In the surface integral equation approach, the Green’s func- 
tion of the geometry of each bed has to be derived first. The 
matrix representation of the Green function, which is an inte- 
gral operator, is then derived by using, for example, the method 
of moment or Galerkin’s method (Strang and Fix, 1973; Har- 
rington, 1968). The derivation of the matrix representation of 
the Green’s integral operator usually requires laborious nu- 
merical integration. 

RESULTS AND DISCUSSION 

In this section, we discuss the results of the calculation using 
the theory we have outlined. We chose two types of expansion 
functions for g,(p) in equation (9): one type where g,(p) is a 
Hermitian-Gaussian function, and another where it is a tri- 
angular function as shown in Figure 2a. 

The Hermitian-Gaussian functions have the advantage that 
a few of them may approximate the radial field profile described 
byf,(p) in equation (5). The disadvantage is that the integra- 
tions in equations (13b) and (14) have to be performed numeri- 
cally. The use of a triangular function is similar to the piece- 
wise linear approximation of the field, and for our calculation, a 
minimum of about 45 basis functions is needed to approximate 
the field radially. However, if we make approximations on the 
inhomogeneity profile around the borehole, such as assuming 
that they are piece-wise constant functions as shown in Figure 
2b, we may perform the integrations in equations (13) and (14) 
analytically, thus enabling the matrix elements to be computed 
efficiently. 

In theory, we have to approximate the field with triangular 
functions over an infinite support, i.e., from the center of the 
borehole or the center pipe surface p = a to p = co. However, 
in the case of lossy media, the field is exponentially small a few 
skin depths from the borehole. Therefore, we only need to 
approximate the field over a finite support, i.e., from the bore- 
hole center to p,,, where p,., is a few skin depths. Also, since 
the measurement of the field is done in the borehole, we are 
required to approximate the field more accurately close to the 
borehole. This can be achieved by choosing a small step size for 
the triangular function inside and close to the borehole, while a 
larger step size is used far from the borehole, as indicated in 
Figure 2. 

Figure 3 shows the calculation of the TM wave response 
using our approach. This calculation supposes a 3.5 inch radius 
drill stem of infinite length with one transmitter and two receiv- 
ers mounted on it. We plot the relative phases and amplitudes 
at the receivers as the tool moves across the bed boundary at 
z = 0. The calculation was performed using three and nine 
Hermitian-Gaussian polynomials, and with 45 triangular func- 
tions. Since the geometry excludes the borehole, the calculation 
compares with an exact solution obtained with the Fourier 
integral technique. We note that the nine-polynomial 
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FIG. 3. Comparison of our approach using Hermitian-Gaussian polynomial or triangular basis functions and the exact Fourier 
integral technique for TM polarization. 
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FIG. 5. Comparison with FEM at 20 kHz for a two-coil induction sonde for the R- and X-signal. 

Hermitian-Gaussian function and the triangular function cases 
are in excellent agreement with the exact solution. When three 
polynomials are used,. the computation is very efficient and can 
serve as a quick estimate of the response of the tool in the 
presence of the bed boundary. Note that there are cusps in the 

response curves corresponding to when the receivers cross the 
bed boundary. 

Figure 4 shows the calculation of the TE wave response. This 
calculation is relevant to the dielectric logging tools at 25 MHz. 
The response shows the relative phases and amplitudes of the 
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FIG. 6. Comparison with FEM for a 6FF40 induction sonde with skin effect correction. 
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signals at the two receivers as the tool moves across a bed 
boundary. The comparison with the finite-element method (An- 
derson and Chang, 1982; Anderson and Chang, 1983) is excel- 
lent and it is about 250 times faster. Note the absence of cusps 
in the TE response compared to the TM response. 

Figures 5 and 6 show the applications of the method to 
induction logging. In Figure 5, a two-coil sonde is moving 
across a bed boundary within a borehole. The R- and X-signals 
are computed and the agreement with the finite-element 
method at 20 kHz is excellent, while our method is about 250 
times faster. Figure 6 illustrates an application to the 6FF40 
induction sonde with skin effect correction. The skin effect 
correction is chosen such that the sonde reads the correct 
conductivity for a homogeneous formation of 0.50 S. 
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APPENDIX 
RECIPROCITY AND ENERGY CONSERVATION 

If we have a current loop source at (p,, zi), the field it 
generates satisfies the equation 

DpA;’ = -wJ~p&p - p,P(z - 211, (A-1) 

where D is the linear differential operator on the left-hand side 
of equation (3). Similarly, a current loop source at (p2, z2) 
generates a field that satisfies 

DpAr’ = -ioplpS(p - p&z - ZJ. (A-2) 

We can multiply equation (A-l) by (l/p)Af’ and integrate over 
space to obtain 

(pArI, DpAt’) = -iolp,Af’(p,, z,). (A-3a) 

Similarly, multiplying equation (49) by (l/p)At’ and inte- 
grating, we have 

<PA;‘, D, 4;“) = - iolp, Ac’(p, , ZJ. (A-3b) 

The inner products on the left-hand side of equations (A-3a) 
and (A-3b) are defined as 

(A-4) 

Under this definition, the D operator is self-adjoint (Harring- 
ton, 1968) 

(pAf’, DpAy’) = (PA:‘, DpAf’). 
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Consequently, we have 

P,@(Pi, 2,) = I32 A;‘@, 3 z*). (A-6) 

The above equation is a statement of the reciprocity theorem, 
that is, the,field at (p,, z,) due to a current loop source at (p2, z2) 
is the same as the,field at (p2, z2) due to a current loop source at 

(P,. =d. 
The satisfaction of the reciprocity theorem is not an absolute 

check for the correctness of a solution, but it acts as a consist- 
ency check for possible programming errors. In fact, we show 
that our approximate solution satisfies reciprocity exactly. In 
order for equation (30) to satisfy reciprocity, we require that 

PA,,(P, z; P’, 4 = P’A,,(P’, z’; p, 4. (A-7) 

From equation (30), we note that this is true only if 

[&,&,‘Q;‘] = Q;‘K,‘~;, = &*&;Q;i. (A-8) 

The above can be proven easily from equation (46). 
In order for equation (31) to satisfy reciprocity, we require 

that equation (31) be the same as the case when a current loop 
source at (p, z) in region II generates a field at (p’, z’) in region I. 
In equation form, it is 

_ $ f:(p)eiK~~‘~,2eiK~~I~‘I~,‘~;lf,(p’) 

= - $ f;(p’)eiKI~z’T21eiK2rlzlK2Z1 D; if,(p). (A-9) 

In order for the above equation to be satisfied, we require that 

T,z&;;Q;’ = &,‘&‘T -21 (A-10) 

The above can be proven from equation (47). T2i is obtained 
from equation (47) by exchanging the subscripts 1 and 2. 

Furthermore, in order for equation (31) to be itself when we 
take its transpose, we require 

T12&;?22;%1h;i 

to be symmetrical. Also, we show easily that 

!?:R,,M-’ = h:P21aw1. (A-l 1) 

To prove global energy conservation at the boundary z = 0, 
we need to show that 

s 

oc 
dP PA,,A:, = lidP ‘%A:,~zzO. (A-12) 

(1 

From equations (30H333, this is the same as proving that 

s m 

f:(P’E,‘D;‘a + !3:,1 
n 

4 -$ f,(df:‘(p) 
1 

x K:, CL - R;YK:, l QmYP 1 

= f;(P’Kz’D;‘T:z 
s Y 

adP --$ f,(P)f:YP) 
2 

x Is;, Ty2 g:; ‘&I:- ‘fY(p’). 

We can show easily that 

s 

K 

a 
dP f fi(PVT’(P) = hi GT b:*. 

1 

(A-13) 

(A-14) 

Hence, equation (A-13) is equivalent to 

cr + I_Z:Jb,G:h:*K:, Q - kc21 

= T:2 I?, G: k!: K:, T:* (A-15) 

The equality of equation (A-15) follows from Equations (40) 
and (42). 

Our approximate solution satisfies reciprocity exactly, be- 
cause we have maintained the self-adjointness of our differential 
operator even when we have replaced it with its matrix repre- 
sentation. Also, when we match boundary condition at the bed 
boundary to obtain the reflection and transmission matrices, it 
is equivalent to solving a surface integral equation at the 
boundary by Galerkin’s variational method, which maintains 
reciprocity and conserves energy. However, by working with 
the differential equation from the very beginning, we have 
bypassed the need for a Green’s operator in functional form. 
The formulation of a surface integral equation requires that the 
Green’s function be expressible in terms of Bessel functions 
which are difficult to evaluate. 

VARIATIONAL PROPERTIES 

The eigenvalue problem that we wish to solve for equation 
(6) can be written in operational form as 

L,f = ktf; (A-16) 

where 

a 1 a 
L, = pp 7 - - + C.&E. 

CP PP dP 
(A-17) 

We write a variational expression for kf , the eigenvalue, as 

(A-18) 

where L, is self-adjoint with the definition of inner product 
given in equation (12), i.e., (g, L,f> = (J L,g). We can show 
that whenfsatisfies equation (A-16), it is at the stationary point 
of equation (A-18). For example, if we have a trial function 
u = f + EV, we find that 

/-&Wlf) l  +2E (V?Llf) (v,f> 
z Cf;f> I ( m-<(f,f) -I,‘. > 1 

(A-19) 

Since L,f= k:A the first variation vanishes, implying its sta- 
tionarity. 

The Rayleigh-Ritz procedure in solving equation (A-18) as- 
sumes that 

N 

u = Ca,g,, (A-20) 
0=l 

and requires that 

?k2 -Z=O 
?a, ’ 

n= l;..,N. (A-21) 

We find that in order for equation (A-21) to be true, we require 
that 

(A-22) 
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The above is the same as equation (13). 
When we find the solution to equation (3) with the procedure 

of equations (18H24), it is equivalent to the use of Galerkin’s 
variational method. Given the differential equation 

where in our example 

&I= Cl> (A-23) 

1 1 
(A-24a) 

f = PA,, (A-24b) 

g = -iiwplp’S(p - p’)S(z - z’). (A-24~) 

We can write a variational expression for a quantity for which 
we are interested in 

(A-25) 

where 

L2.f’ = h, (A-26) 

corresponding to an adjoint problem. We assume that L, is 
self-adjoint. If we take the first variation ofJandf” in equation 
(A-25), i.e., u =,f+ EV, ua =f” + EV”, we can show that it van- 
ishes. The first variation is 

ui h, = (L2,f./y 
1  +  E <v> h) (VR> 4) 

CL h) + ’ (.i”. 
_ 6 (Lv,“f”) _ E (L2.L va> + 

<L,_L.J‘“) 1 (L2f..f0) ’ 
(A-27) 

which by equations (A-23), (A-26), and the self-adjointness of L, 
vanish. If we apply the Rayleigh-Ritz procedure to equation 
(A-25) to obtain a variational result, we show that it is equiva- 
lent to solving for the solutions of equations (A-23) and (A-26) 
using Galerkin’s method. It can also be shown that the finite- 
element method is a consequence of applying Galerkin’s 
method to a differential equation. 


