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19. Representation of a Plane Wave.

When V - E = 0, the electric field satisfies the wave equation
V’E + °E = 0, (1)

where 3% = w?ue. We have learnt that one of the many possible solutions to
the above equation is '
E = 2 Eje 772, (2)

The expression e 7#?, when viewed in three dimensions, has constant phase
planes or wave fronts which are orthogonal to the z-axis.
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To denote a plane wave propagating in other directions, we write it as
E — dE'Oe_j,Bmm_]':Byy_]ﬂzZ, (3)

where @ is a constant unit vector, and Ej, a constant. If we substitute (3)
into (1), we obtain

(=62 — By — 62 + 5] Ey = 0. (4)
In order for (3) to satisfy (1) and that Ey # 0, we require that
B2+ B+ B2 =B =wpe. (5)

If we define a vector 3 = 0, + y0, + 20, and r = &z + gy + 2z, then (3)
can be written as '
E = aEge PT, (6)

where the magnitude of 3 is
8 = 82 + 62+ 32
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Equation (6) is a concise way to write a solution to (1). Since V-E = 0 using
(3), we note that

V-E = —j[&8, + 96y + 28:] - aEoe 7P (8)
Therefore, in order for V - E = 0, we require that
B-a=0. (9)

To explore further how the function e 7#T look like, we assume (3 to be
pointing in a direction as shown in the figure. The value of B - r is constant
on a plane that is orthogonal to 3.
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That is

B -t =|B[|r[cost = B(OA), (10)
for all r on the plane S that is orthogonal to 3. Hence, S is the constant
phase plane of e /8™ = ¢=78(04) " Ag one moves progressively in the 8 direc-
tion, the function e/ has a phase that is linearly decreasing with distance.
Therefore, e 72T denotes a plane wave that is propagating in the 3 direction.
When 3 is pointing in the z-direction, such that 8 = 203, then e 78T = ¢ 75,
which is our familiar solution of a plane wave propagating in the z-direction.

An example of a plane wave electric field satisfying Maxwell’s equations
is
E = QE'Oe_jB”_jBZz, (11)
where 32 + 32 = 3%. The corresponding magnetic field can be derived using
Maxwell’s equations.

V xE=—jwuH. (12)
Hence,
H= _—1 <23Ey — i’ﬁEy>
jwp \ Ox 0z
— (gﬁm — fﬂz) &e*jﬁmmfjﬁzz. (13)
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In general, when V operates on a plane wave phasor described by e 7P T,
it transforms into —j@3. This is obvious also from Equation (8). Therefore,
from (12), we can express

1

H=—8xE. (14)

wpt
Therefore, H is orthogonal to both E and 3, or that H-E = 0, and that
H.3 =0, in addition to E-3 = 0. Furthermore, E x H points in the direction
of 3. Therefore, for a plane electromagnetic wave, E, H, and 3 form a right-
handed orthogonal system. It is also a transverse electromagnetic (TEM)
wave.

E

_/ > B

T



