
W�C�Chew
ECE ��� Lecture Notes

��� Hollow Waveguide�

z

A hollow cylindrical waveguide of uniform and arbitrary cross�section
can guide waves� The �elds inside a hollow waveguide can guide waves of
both TE and TM types� When the �eld is of TE type� the electric �eld is
purely transverse to the direction of wave propagation z� Hence Ez 	 �� For
TM �elds� the magnetic �eld is purely transverse to the z�axis and hence�
Hz 	 �� Therefore� the �eld components of TE �elds are

Ex� Ey� Hx� Hy� Hz�

and for TM �elds� they are

Hx� Hy� Ex� Ey� Ez�

We can hence characterize TE �elds as having Ez 	 �� Hz �	 �� and TM

�elds as Hz 	 �� Ez �	 �� Hence� the z�component of the H �eld can be used
to characterize TE �elds� while the z�component of the E �eld can be used
to characterize TM �elds in a hollow waveguide� Given Ez� and Hz� it will be
desirable to derive the transverse components of the �elds� We shall denote a
vector transverse to 
z by a subscript s� In this notation� Maxwell�s equations
become �

rs � 
z
�

�z

�
� 
Hs � 
zHz� 	 j��
Es � 
zEz�� 
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�
rs � 
z
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�
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zEz� 	 �j��
Hs � 
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where rs 	 
x �
�x

� 
y �
�y
� and Es and Hs are the electric �eld and the mag�

netic �eld� respectively� transverse to the z directon� Equating the transverse
components in 
�� and 
��� we have
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��

rs � 
zEz �
�

�z

z � Es 	 �j��Hs� 
��

�



Substituting 
�� for Hs into 
��� we have
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Using the vector identity
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we can show that
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Hence� 
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If E is of the form Ae�j�zz �Bej�zz� then ��

�z�
	 ���

z and 
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In a similar fashion� we obtain
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The above equations can be used to derive the transverse components of the
�elds given the 
z�components� Hence� in general� we only need to know the

z�components of the �elds�

I� Rectangular Waveguides

Rectangular waveguides are a special case of cylindrical waveguides with
uniform rectangular cross section� Hence� we can divide the waves inside the
waveguide into TM and TE types�
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TM Case� Hz 	 �� Ez �	 �

Inside the waveguide� we have a source free region� therefore

�r� � �����E 	 �� 
���

or

�r� � �����Ez 	 �� 
���

Equation 
��� admits solutions of the form
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Therefore


r� � �����Ez 	 
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x � ��

y � ��

z � �����Ez 	 �� 
���

This is only possible if

��

x � ��

y � ��

z 	 ����� 
���

which is the dispersion relation� The boundary conditions require that

Ez
x 	 �� 	 �� Ez
y 	 �� 	 �� 
���

Hence� the admissible solution is

Ez 	 E� sin
�xx� sin
�yy�e
�j�zz� 
���

Also� we require that

Ez
x 	 a� 	 �� Ez
y 	 b� 	 �� 
���

This is only possible if sin
�xa� 	 � and sin
�yb� 	 �� or

�xa 	 m��m 	 �� �� �� � � � � �yb 	 n�� n 	 �� �� �� �� � � � � 
���

However� when m or n 	 �� Ez 	 �� Hence� we have
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which are the guidance conditions� To get the transverse E and H �elds�
we use 
��� and 
���
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We note that the electric �elds satisfy their boundary conditions� From the
dispersion relation 
���� we have
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The solution that corresponds to a particular choice of m and n in 
���
is known as the TMmn mode� For a given TMmn mode� �z will be pure
imaginary if
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In this case� the mode is cuto�� and the �elds decay in the 
z�direction and
become purely evanescent� We de�ne the cuto� frequency for the TMmn

mode to be
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The TMmn mode will not propagate if

� 	 �mnc or f 	 fmnc� 
���

where fmnc 	
�mnc
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� f 	 �
��
� The corresponding cuto� wavelength is
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Only when the wavelength 
 is smaller than this �size� can the wave �enter�
the waveguide and be guided as the TMmn mode�
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To �nd the power �owing in the waveguide� we use the Poynting theorem�
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When f 	 fmnc� �z is purely imaginary and the power becomes purely reac�
tive� No real power or time average power �ows down a waveguide when all
the modes are cuto��

TE Case� Ez 	 �� Hz �	 ��

In this case�
Hz 	 H� cos
�xx� cos
�yy�e
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���

so that from equations 
��� and 
���� we have�
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where ��

x � ��

y � ��

z 	 �� 	 ����� Matching boundary conditions for the
tangential electric �eld requires that
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Unlike the TM case� the TE case can have either m or n equal to zero�
Hence� TEm� or TE�n modes exist� However� when both m and n are zero�
Hz 	 H�e

�j�zz� Hx 	 Hy 	 �� and r �H �	 �� therefore� TE�� mode cannot
exist�

For the TEmn modes� the subscript m is associated with the longer side
of the rectangular waveguide� while n is associated with the shorter side� In

�



the case of TEm� mode� �y 	 �� implying that Ex 	 �� Ey �	 �� Hy 	 ��
Hx �	 �� Hz �	 �� The �elds resemble that of the TEm mode in a parallel
plate waveguide� For the general TEmn mode� the dispersion relation is
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Hence� the TEmn mode and the TMmn mode have the same cuto� frequency
and they are degenerate�

Example� Designing a Waveguide to Propagate only the TE�� mode

The cuto� frequency of a TMmn or a TEmn mode is given by
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Usually� a is assumed to be larger than b so that TE�� mode has the lowest
cuto� frequency� which is given by

f��c 	
v

�a
or 
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���

where v 	 �p
��
� and f��c 	

���c
��

� The next higher cuto� frequency is either

f��c or f��c depending on the ratio of a to b�
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If a � �b� f��c 	 f��c� and if a 	 �b� f��c � f��c� f��c 	 f��c if a 	 �b� When
a 	 �b� and we want a waveguide to carry only the TE�� mode between ��
GHz and �� GHz� Therefore� we want f��c 	 �� GHz� and f��c 	 f��c 	
��GHz� If the waveguide is �lled with air� then v 	 �� ���m

s
� and we deduce

that
a 	
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�f��c
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v
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	 ����� 
���

In such a rectangular waveguide� only the TE�� will propagate above �� GHz
and below �� GHz� The other modes are all cuto�� Note that no mode could
propagate below �� GHz�
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