The Recursive Aggregate Interaction Matrix Algorithm for Multiple Scatterers

W. C. Chew, and C. C. Lu Electromagnetics Laboratory Department of Electrical and Computer Engineering University of Illinois Urbana, IL 61801

Abstract

The recursive aggregate interaction matrix algorithm (RAIMA) for calculating wave scattering solution is developed. This algorithm combines the strength of both the recursive aggregate T matrix algorithm (RATMA) and the recursive interaction matrix algorithm (RIMA) that have been previously developed. The resultant algorithm is robust for scattering problems involving highly singular Green’s function by avoiding the violation of the addition theorem. It also has reduced computational complexity for inverting the volume integral equation of scattering operator. The computational complexity of RAIMA is O(N^{7/3}) in three dimensions and O(N^2) in two dimensions.

1. Introduction

Fast and efficient methods to solve electromagnetic scattering problems have been topics of active research interest recently [1-10]. One of these methods, the recursive aggregate T matrix algorithm (RATMA) has been developed to solve directly (instead of iteratively) for the scattering solution of N subscatterers with reduced computational complexity [11-15]. For a general scattering problem, a scatterer is first decomposed into N subscatterers which are non-overlapping before RATMA is applied.

However, the close proximity of the subscatterers gives rise to the violation of the addition theorem when RATMA is applied. Several remedies have been proposed to alleviate the error arising from the violation of the addition

This work was supported by NASA under contract NASA NAG 2-871, Office of Naval Research under grant N00014-89-J1286, the Army Research Office under contract DAAL03- 91-G-0339, and the National Science Foundation under grant NSF-ECS-92-24466. The computer time was provided by the National Center for Supercomputing Applications (NCSA) at the University of Illinois, Urbana-Champaign. File:raimams.tex, January 12, 1995

theorem [12,13]. We will report here yet another method to remove the problem associated with violating the addition theorem. The method described here will even allow the subscatterers to be overlapping, so that it could be applied to solve matrices from the method of moment (MOM) [16-17].

This improved algorithm, the recursive aggregate interaction matrix algorithm (RAIMA) is a modification of the recursive aggregate T matrix algorithm (RATMA) to take advantage of the recursive interaction matrix algorithm (RIMA) [19]. RIMA can be used to invert a method of moments (MOM) matrix, but with O (N^3) complexity. Incorporating some ideas of RATMA into RIMA, one can arrive at an algorithm with reduced computational complexity for tightly packed or overlapping subscatterers.

First we shall show describe RIMA. Then, we will derive RAIMA from RIMA by aggregation. This will eventually yield an algorithm with reduced complexity.

2. The Recursive Interaction Matrix Algorithm (RIMA) Given a scatterer, it can be decomposed into N subscatterers, and treated as an N-scatterer problem. Then, the total field can be written as [15]

E(r) = ψ^t(k_0, r_s) · a_s + N∑ i=1 ψ^t(k_0, r_i) · N∑ j=1 I_{ij(N)} · α_{js} · a_s, (1)

where r_i = r − r0_i, and r0_i is the location of the center of the i-th subscatterer. The row vector ψ^t(k_0, r_i) contains the cylindrical or spherical harmonics. The first term in (1) is from the source, while the second term is the scattered field from the N subscatterers. The vector a_s contains the amplitudes of the harmonics for the source term, while I_{ij(N)} is the interaction matrix for N subscatterers, and α_{js} is a translation matrix obtainable from the addition theorem [12,20]. A recursive algorithm can be derived so that the interaction matrices for (n + 1) subscatterers, I_{ij(n+1)}, can be derived from those for n subscatterers, I_{ij(n)}. The interaction matrices are of dimension M × M where

M is the number of harmonics needed to approximate the scattered field from each subscatterer well. The recursive equations are [15,19]

I_{n+1,n+1(n+1)} = [ I − T_{n+1(1)} · n∑ i=1 n∑ j=1 α_{n+1,i} · I_{ij(n)} · α_{j,n+1} ]�_1 · T_{n+(1)}. (2a)

I_{n+1,j(n+1)} = I_{n+1,n+1(n+1)} · [_n ∑ i=1 α_{n+1,i} · I_{ij(n)} ] , j = 1, · · · , n. (2b)

I_{i,n+1(n+1)} = [_n ∑ j=1 I_{ij(n)} · α_{j,n+1} ] · I_{n+1,n+1(n+1)} i = 1, · · · , n, (2c)

I_{ij(n+1)} = I_{ij(n)} + [_n ∑ j^0=1

I_{ij}0_{(n)} · α_j0_{,n+1} ] · I_{n+1,j(n+1)}, i, j = 1, · · · , n. (2d)

The above equations require O(n^2) operations per step to implement and after N recursive steps, O(N^3) operations are required.

3. The Recursive Aggregate Interaction Matrix Algorithm —(RAIMA) Since RIMA requires O(N^3) operations, it is no better than Gaussian elimination. To expedite the computation, the interaction matrix for n subscatterers has to be aggregated into that for one larger subscatterer. This results in a reduced representation for the scattered field for n subscatterers. By doing so, we arrive at the recursive aggregate T matrix algorithm (RATMA). However, in RATMA, there is a potential violation of the addition theorem. Several methods have been proposed to mitigate the error that arises from the violation of the addition theorem [12,13]. Here, we propose yet another approach to minimize this error.

In this new approach, we divide the subscatterers into n0 subscatterers in the buffer zone, and (n − n0) subscatterers in the inner zone. We would only aggregate the (n − n0) subscatterers in the inner zone to expedite the computational efficiency. We shall call this the recursive aggregate interaction matrix algorithm (RAIMA). It has the same computational complexity as RATMA.

To this end, we define an aggregate interaction matrix for (n − n0) subscatterers as

I^a_n�_n0_{,n}�_n0_{(n)} = n�n^0∑ i=1 n�n^0∑ j=1 β_{0i} · I_{ij(n)} · β_{j0}, (3a)

I^a_{i,n}�_n0_{(n)} = n�n^0∑ j=1 I_{ij(n)} · β_{j0}, i = n − n0 + 1, · · · , n, (3b)

I^a_n�_n0_{,j(n)} = n�n^0∑ j=1 β_{0i} · I_{ij(n)}, j = n − n0 + 1, · · · , n, (3c)

Using the fact that [20] α_{n+1,i} = α_{n+1,0} · β_{0i}, r_{n+1} > r_i, (4a) α_{j,n+1} = β_{j,0} · α_{0,n+1}, r_{n+1} > r_j, (4b)

Equations (2a) to (2d) can be rewritten for n0 + 1 subscatterers. By using (4a) and (4b), and then (3) in (2a), we have

I_{n+1,n+1} = [ I − T_{n+1(1)} · n∑ i=n�n^0 α_{n+1,i} · I_{ij(n)} · α_{j,n+1} ]�_1 · T_{n+1(1)}, (5)

where α_{n+1,n}�_n0 = α_{n+1,0}, α_n�_n0_{,n+1} = α_{0,n+1}, and when either i or j equals n − n0, I_{ij(n)} = I^{(a)}_{ij(n)} defined in Equation (3)

Right multiplying (2b) by β_{j,0} and sum over j from 1 to n − n0, and using (4a) in (2b) for i ≤ n − n0, we have

I_{n+1,j(n+1)} = I_{n+1,n+1(n+1)} · [_n ∑ i=n�n^0 α_{n+1,i} · I_{ij(n)} ] , j = n − n0, · · · , n. (6)

Similar treatment to (2c) yields

I_{i,n+1(n+1)} = [_n ∑ j=n�n^0 I_{ij(n)} · α_{j,n+1} ] · I_{n+1,n+1(n+1)}, i = n − n0, · · · , n. (7)

Left and right multiplying (2d) by β_{0i} and β_{j0} respectively and sum over i and j from 1 to n − n0, we arrive at

I_{i,j(n+1)} = I_{ij(n)} + [_n ∑ j^0=n�n^0 I_{ij(n)} · α_{j,n+1} ] · I_{n+1,j(n+1)}, i, j = n − n0, · · · , n. (8) The same remark about I_{ij(n)} after Equation (5) applies to (6), (7) and (8). Equations (5) to (6) are the rewrites of Equation (2a) to (2d) where the (n − n0) inner subscatterers are replaced by an aggregate subscatterer.

As new subscatterers are added in the recursive algorithm, the size of the aggregate subscatterer needs to be enlarged so that the size of the buffer zone remains minimal. When some subscatterers are shifted from the buffer zone to the inner zone, Equation (3) can be used to derive an update equation for I^a_n�_n0_{,n}�_n0_{(n)}. The aggregate interaction matrix for inner zone having (n−n0+l) subscatterers can be derived from that for (n − n0) subscatterers via.

I^a_n�_n0_{+l,n}�_n0_{+l(n+1)} = n�n^0+l∑ i=n�n^0 β_{0i} · n�n^0+l∑ j=n�n^0 I_{ij(n+1)} · β_{j0}, (9a)

I^a_{i,n}�_n0_{+l(n+1)} = n�n^0+l∑ j=n�n^0 I_{ij(n+1)} · β_{j0}, i = n − n0 + l + 1, · · · , n + 1, (9b)

I^a_n�_n0_{+l,j(n+1)} = n�n^0+l∑ i=n�n^0 β_{0i} · I_{ij(n+1)}, j = n − n0 + l + 1, · · · , n + 1, (9c)

where β_{0,n}�_n0 = β_n�_n0_{,0} = 1. The above constitute the RAIMA equations. When the size of the buffer zone is reduced to zero, it is the some as RATMA.

Once the interaction matrices are found, Equation (1) can be used to find the scattered field. When the interaction matrices are aggregated into a interaction matrix for the inner zone, only a reduced number of interaction matrices is needed to calculate the scattered field from Equation (1).

4. Computational Complexity

The recursive aggregate interaction matrix algorithm progressively aggregates a portion of the subscatterers into a larger aggregated subscatterer as shown in Figure 1. By so doing, one needs to contend with n0 + 1 subscatterers rather than n subscatterers where n0 ≪ n. This is achieved at the expense of making the interaction matrix associated with the aggregated subscatterer larger. For instance, the interaction matrix defined by (3a) for the aggregated subscatterer is a P × P matrix (instead of M × M for the original subscatterers) where P is the number of harmonics that will make the factorization in (4a) and (4b) accurate. An analysis of the computational cost shows that if P < n − n0, a saving in computation time ensues.

For volumetric scatterers in three dimensions, the number of spherical harmonics needed to accurately expand the field around a scatterer of diameter d is proportional to (kd)^2 or the surface area of the circumscribing sphere that encloses the scatterer. In aggregating the subscatterers, what we have done is to describe the scattering processes associated with the aggregated subscatterers via the spherical harmonics rather than via the subscatterers directly. For instance, if there are n − n0 subscatterers, an interaction matrix (or a MOM matrix) description of the full scattering processes will require at least an (n − n0) × (n − n0) matrix, whereas a description via the spherical harmonics will entail a P × P matrix. Since P ∼ (kd)^2 while n − n0 ∼ (kd)^3, P ≪ n − n0 when the scattering problem is large.

The process of aggregation essentially replaces an n-unknown problem with a problem involving n0+P unknown problem at each recursive step. The recursive interaction matrix solution to the original problem requires O(n^2) operations per step, while for the aggregated problem, it requires O((n0 + P )^2) operations. Therefore, after N steps required to solve the problem, the original problem requires O(N^3) operations while the aggregated problem will require O(N(n0+P )^2) operations. If the buffer zone as shown in Figure 1 is of a fixed thickness, then n0 ∼ (kd)^2 as well (just like P ). Then, n0 + P ∼ (kd)^2. Assuming that N ∼ (kd)^3,* then n0 +P ∼ N^{2/3}, and the overall complexity of the algorithm is O(N^{7/3}). In two dimensions, the computational complexity can be shown to be O(N^2).

A set of back-recursion formulas can be derived to calculate the internal field of the scatterer just as in [11]. If only the scattered field is needed, the memory requirement of this algorithm is O(N) in two dimensions, and O(N^{4/3}) in three dimensions. If internal field is needed, so that a backrecursion algorithm needs to be invoked, the memory requirement is O(N^{3/2}) in two dimensions, and O(N^{5/3}) in three dimensions.

In general, for surface scatterers where the scattered field can be attributed to induced current on the surface of the scatterer, the aforementioned method does not reduce the computational complexity, but will reduce the computational time. However, this method has no restriction on the shape of the geometry.

5. Numerical Results and Conclusions

We have applied this algorithm to calculate the scattering solution of H_z wave scattering by metallic scatterers in two dimensions. For this polarization, the current flows in the transverse to z plane, and accurate computation of the scattering solution requires overlapping current basis functions [17]. A direct use of RATMA to this problem gives rise to poor result because of the absence of the buffer zone to prevent the violation of the addition theorem. With RAIMA, the problem is rectified. (The above algorithm can be easily

* This is a reasonable assumption, with our present knowledge of the problem. A better knowledge of how discretization density scales as the size of the problem may alter this assumption.

modified for overlapping subscatterers.) Figure 2 illustrates the computation of the RCS of a metallic scatterer (where the subscatterers are overlapping) consisting of a flat strip of width 2λ. The incident wave is H_z polarized from 45^o direction. There are five curves corresponding to n0 = 0, 1, 2, 5 and the exact solution, RIMA. RIMA is equivalent to solving the matrix equation with Gaussian elimination.

This new algorithm can be used to improve the accuracy in calculating the multiple scattering solutions of discrete particles especially when the particles are large compared to wavelength and tightly packed together. For this cases, the violation or the ill-convergence of the addition theorem usually gives rise to numerical instabilities. This problem is rectified by RAIMA which includes a buffer zone that precludes this infraction. Figure 3 shows the scattered field of 200 randomly distributed spheres. The spheres are of the size ka = 1.0 and permittivity of ϵ_r = 3.2 and have a fractional volume of 25%. The incident wave propagates in the direction with θ = 90^0 and ϕ = 0^0. The observation circle is in the xy plane which is 10λ away from the scattering center. (a) shows the field magnitude while (b) shows the field phase.

Figure 4 shows the CPU time (on a SUN Workstation) as a function of the number of spheres. Each sphere is of size ka = 1.0 and permittivity ϵ_r = 3.2 and 6 modes are used in the expansion of the scattering field. The spheres are distributed randomly at a fractional volume of 25%. The dotted line is a curve for solving the problem using Gaussian elimination.

In conclusion, we have developed an improved algorithm that removes the problem associated with the violation of the addition theorem of the earlier algorithms. This violation of the addition theorem is a severe problem when the Green’s function is highly singular. This is encountered in three-dimensional electromagnetic scattering problems, and two-dimensional scattering problems involving H_z polarization. Our results show that the new algorithm can be applied to densely packed scatterers in three dimensions, and even to overlapping subscatterers. Hence, it can be used to invert the method of moments matrix with reduced computational complexity.

References [1] V. Roklin, “Rapid solution of integral equations of classical potential theory,” J. Comput. Phys., vol. 60, pp. 187-207, 1985.

[2] L. Greengard and V. Rokhlin, “A fast algorithm for particle simulations,” J. Comput. Phys., vol. 73, pp. 325-348, 1987.

[3] V. Roklin, “Rapid solution of integral equations of scattering theory in two dimensions,” J. Comput. Phys.,, vol. 86, pp. 414-439, 1990.

[4] F. X. Canning, “Transformations that produce a sparse moment method matrix,” J. Electromagnetic Waves and Applications, vol. 4, pp. 903-913, 1990.

[5] C. R. Anderson, “An implementation of the fast multipole method without multipoles,” SIAM J. Sci. Stat. Comput., vol. 13, no. 4, pp. 923-947, 1992.

[6] R. J. Pogorzelski, “Improved computational efficiency via near-field localization,” IEEE Trans. Ant. Propag., vol. 41, no. 8, pp. 1081-1087, August 1993.

[7] N. Engheta, W. D. Murphy, V. Rokhlin, and M. S. Vassiliou, “The fast multipole method (FMM) for electromagnetic scattering problems,” IEEE Trans. Ant. Propag., vol. 40, no. 6, pp. 634-641, June 1992.

[8] W. C. Chew and C. C. Lu, “NEPAL–An algorithm for solving the volume integral equation,”Micro. Opt. Tech. Lett., vol. 6, no. 3, pp. 185-188, March 5, 1993.

[9] C. C. Lu and W. C. Chew, “A fast algorithm for solving hybrid integral equation,” IEE Proceedings-H, vol. 140, no. 6, pp. 455-460, December 1993.

[10] L.R. Hamilton, M.A. Stalzer, R.S. Turley, J.L. Visher, and S.M. Wandzura, “Scattering computation using the fast multipole method,” IEEE AP- S/URSI Int. Symp. Dig., pp. 852-855, 1993.

[11] W. C. Chew and Y. M. Wang, “A fast algorithm for solution of a scattering problem using a recursive aggregated T matrix method,” Microwave Optical Technology Letters, vol. 3, no. 5, pp. 164-169, May 1990.

[12] W. C. Chew, L. Gurel, Y. M. Wang, G. Otto, R. Wagner, and Q. H. Liu, “A Generalized recursive algorithm for wave-scattering solutions in two dimensions,” IEEE Trans. Micro. Theory Tech., vol. 40, no. 4. pp. 716-723, April 1992.

[13] W. C. Chew, Y. M. Wang, and L. Gurel, “A Recursive algorithm for wavescattering using windowed addition theorem,” J. Electromag. Waves Appl., vol. 6, no. 11 pp. 1537-1560, 1992.

[14] Y. M. Wang and W. C. Chew, “A recursive T-matrix approach for the solution of electromagnetic scattering by many spheres,” IEEE Trans. Antennas Propag., scheduled for December 1993.

[15] W. C. Chew, C. C. Lu, and Y. M. Wang, “Efficient computation of threedimensional scattering of vector electromagnetic waves,” J. Opt. Soc. Am., vol. 11, no. 4, pp. 1528–1537, 1994.

[16] R. Harrington, Field Computation by Moment Method, Malabar, FL:

Krieger, 1983 First printing, 1983.

[17] A. W. Glisson and D. R. Wilton, “Simple and efficient numerical methods for problems of electromagnetic radiation and scattering from surfaces,” IEEE Trans. Ant. Propag., vol. AP-28, no. 5, pp. 593-603, September 1980.

[18] S. M. Rao, D. R. Wilton, and A. W. Glisson, “Electromagnetic scattering by surfaces of arbitrary shape,” IEEE Trans. Ant. Propag., vol. AP-30, no. 3, pp.409-418, May 1982.

[19] L. Gurel and W. C. Chew, “ Recursive algorithms for the scattering by N disks or strips,” IEEE Trans. Ant. Propag., vol. AP-37, pp. 353-361, March 1989.

[20] W. C. Chew, Waves and Fields in Inhomogeneous Media, Van Nostrand Reinhold, New York, 1990.

[21] T. P. Sarkar, X. Yang, and R. Arvas, “A limited survey of various conjugate gradient methods for solving complex matrix equations arising in electromagnetic wave interactions,” Wave Motions, vol. 10, pp. 527-546, 1988.

[22] R. Kastner, “An ‘add-on’ method for the analysis of scattering from large planar structures,” IEEE Trans. Ant. Propag., vol. AP-37, pp. 353-361, March 1991.

Figure 1 A cluster of n subscatterers is divided into a buffer zone of n0 subscatterers to avoid the violation of the addition theorem. The n − n0 subscatterers are aggregated into one larger subscatterer more efficiently described by spherical harmonics.

Figure 2 Numerical computation of the RCS of a metallic scattering of H_z polarized waves in two dimensions. This scattering problem can be solved by the method of moments using overlapping basis functions, and also by RAIMA more efficiently. The recursive interaction matrix approach (RIMA) is equivalent to Gaussian elimination. The strip is 2λ wide, and the incident angle is 45^o. Different n0 (shown as NP in the Figure) values are used as the buffer zone.

Figure 3 Numerical simulation of 200 randomly distributed spheres in three dimensions using RAIMA. The solid line is brute-force matrix inversion, while the dotted line is from RAIMA. RATMA fails to produce result of similar accuracy for this case where ka = 1, ϵ_r = 3.2, and the fraction volume is 25%. Forty spheres are used as the buffer zone here. (a) Field magnitude; (b) Field phase.

Figure 4 The growth of CPU time as a function of the number of unknowns in the three dimensional simulation of Figure 3. The solid line is for RAIMA while the dotted line is for Gaussian elimination.