Fast Solution Methods in Electromagnetics †

(Invited)

W.C. Chew, J.M. Jin, C.C. Lu, E. Michielssen, J.M. Song

Center for Computational Electromagnetics Department of Electrical and Computer Engineering University of Illinois Urbana, IL 61801

Abstract Various methods for efficiently solving electromagnetic problems are presented. Electromagnetic scattering problems can be roughly classified into surface and volume problems, while fast methods are either differential or integral equation based. The resultant systems of linear equations are either solved directly or iteratively. A review of various differential equation solvers, their complexities, and memory requirements is given. The issues of grid dispersion and hybridization with integral equation solvers are discussed. Several fast integral equation solvers for surface and volume scatterers are presented. These solvers have reduced computational complexities and memory requirements.

1. Introduction

Computational electromagnetics is a fascinating discipline that has drawn the attention of mathematicians, engineers, physicists, and computer scientists alike. It is a discipline that creates a symbiotic marriage between mathematics, physics, computer science, and various application fields. Computational techniques for solving electromagnetic wave scattering problems involving large complex bodies and for analyzing wave propagation through inhomogeneous media have been intensely studied by many researchers in the past [1-12]. This is due to the importance of this research in many practical applications, such as the prediction of the Radar Cross Section (RCS) of complex objects like aircraft, the interaction of antenna elements with aircraft and ships, the environmental effects of vegetation, clouds, and aerosols on electromagnetic wave propagation, the interaction of electromagnetic waves with biological media, and the propagation of signals in high-speed and millimeter-wave circuits.

Due to the large electrical dimensions of typical aircraft, past efforts to ascertain their scattering cross section and their interaction with antennas have exploited approximate high frequency techniques such as the shooting and bouncing ray method [13]. However, the recent phenomenal growth in computer technology, coupled with the development of fast algorithms with reduced computational complexity and memory requirements, have made a rigorous numerical solution of the problem of scattering from electrically large objects feasible. These numerical techniques involve either solving partial-differential equations with the Finite-Difference Method (FDM) [6-9] or the Finite-Element Method (FEM) [10-12] which result in sparse matrices, or integral equations which are converted into dense matrix equations using the Method Of Moments (MOM) [1-5].

In a previous paper [14], we underscored the importance of reducing the computational complexity of computational electromagnetics techniques, especially for large-scale electromagnetic problems. We reviewed several direct solvers with reduced computational complexity whereby the solution is sought for all righthand sides. These direct solvers are the Recursive Aggregate T-Matrix Algorithm (RATMA) [15,16], and the Nested Equivalence Principle Algorithm (NEPAL) [16,17]. In this paper, we will first review differential equation solvers, and discuss their computational complexity. We next focus on recent work in integral

† This work has been supported by AFOSR under grant F49620-96-1-0025, plus funds from ONR and NSF. The computer time was provided by the National Center for Supercomputing Applications (NCSA) at the University of Illinois, Urbana-Champaign.

Published in IEEE Trans. Antennas Propag., vol. 45, no. 3, pp. 533-543, March 1997. File:apscem96a.tex. Date:June 27, 1997

Figure 1. Proper ordering of the elements of an FEM matrix that is coupled to a surface integral equation causes the dense matrix to reside at the bottom right-hand corner, making the system matrix suitable for the matrix-partitioning method.

equation solvers, and contrast their complexities with those of differential equation solvers. Throughout, we will focus primarily on iterative solvers, which are used ubiquitously for solving both differential and integral equations. Iterative solvers, in general, require less memory storage, and exhibit reduced computational complexities when compared to direct solvers. Hence, they portend an important method for large scale computing.

2. Differential Equation Solvers

Figure 2. Backscatter RCS of an elliptic contoured crack in a ground plane as a function of frequency at the incidence angle θ = 70^o (20^o from grazing incidence) and ϕ = 85^o (5^o from the the minor axis). The crack is 0.635 cm deep and filled with air.

A popular way to solve electromagnetic problems is to solve the associated partial differential equation directly. These methods can be considered as the first fast solution methods in electromagnetics because one can solve an N unknown problem with computational complexity less than O(N^3) and memory requirement less than O(N^2). Differential equation solvers usually involve either the finite element method (FEM) [10-12] or the finite difference method (FDM) [6-9]. The pertinent matrix equation is sparse with O(N) nonzero elements. Consequently, a matrix-vector multiply can be performed in O(N) operations. By properly ordering the elements, the bandwidth of the pertinent matrix equation can be compressed and inverted very efficiently [18]. Differential equation solvers are usually applied to volumetric problems, and hence, the following discussion is pertinent to volumetric cases.

Partial differential equations (PDEs) for electromagnetics can be roughly categorized into elliptic type (static or Laplacian-like) for low frequencies, hyperbolic type (wavelike) for high frequencies, and parabolic type (diffusionlike) for intermediate frequencies and lossy media. Elliptic PDEs have the advantage of positive definiteness [18]; hence, when iterative methods are used to solve the associated matrix equation, a definitive statement can be made about their convergence rates. For instance, when the conjugate gradient (CG) method [19,20] is used to solve the Poisson equation, it converges in O(N^{0.5}) steps in two dimensions, and in O(N^{0.33}) in three dimensions. When the multigrid method is used to solve the same equation, the number of iterations is independent of the size of the problem [18]. As a consequence, the total computational labor associated with the conjugate gradient method to solve such problems scales as N^{1.5} in 2D and N^{1.33} in 3D, while it scales as N for multigrid methods.

For hyperbolic (wavelike) problems which are indefinite, these computational complexities can only be regarded as lower bounds, because with the change of geometry, resonance can occur, and the number of iterations needed for convergence in an iterative solver can diverge. Multigrid solvers exploit the scaleinvariant nature of an elliptic (Laplacian-like) equation to reduce the computational complexity. But when applied to the Helmholtz wave equation (hyperbolic), the computational complexity is not reduced, because the Helmholtz wave equation is not scale invariant.

When the finite difference time domain (FDTD) method is used to solve the wave equation directly in the time domain, the computational complexity is the same as CG (N^{1.5} in 2D and N^{1.33} in 3D) where they are lower bounds [21] except that FDTD generates the solution for all time, and hence all frequencies at once. It is also an optimal algorithm in the sense that it generates O(N^α) numbers in O(N^α) operations.

Of interest also is the spectral Lanczos decomposition method (SLDM) [22,23]. While it does not reduce the computational complexity compared to CG, it offers an advantage when there are large regions of homogeneity. Also, it can generate the solution for all frequencies without additional computational cost [23]. For numerical simulation of waveguides where a large section of uniformity exists, the method of lines [24] and the numerical mode matching method [25,26] offer an advantage over other differential equation methods in terms of speed.

When applied to a scattering problem, a PDE solver requires absorbing boundary conditions (ABCs) [21] to truncate the simulation region. Many ABCs have been proposed so that the sparsity of the matrix can be maintained. However, these ABCs are approximate and have to be imposed at a substantial distance from the scatterer to reduce the errors incurred by them. Recently, an absorbing material boundary condition (AMBC), called perfectly matched layer (PML), has been suggested by Berenger [27] and worked on intensely by a number of workers [28-35]. This AMBC is particularly well-suited for the parallel implementation of FDTD solvers because it permits parallel computers to operate in a single-instruction-multiple-data (SIMD) mode [28].

Another approach to truncate the simulation region is to employ the eigenfunction expansion of the scattered field outside a separable boundary. This separable boundary can either be circular or elliptical in 2D and spherical or spheroidal in 3D. The resultant method is often referred to as the unimoment method [36-39]. Through the use of coupled basis functions for the separable boundary, the differential equation can be effectively decoupled from the dense matrix generated from the eigenfunction expansion. The dimension of this dense matrix is, however, rather small. In 2D, it is about kd where d is the largest linear dimension of the scatterer.

Alternatively, surface integral equations (which can be considered to be numerically exact ABCs) can be used to truncate the mesh of the differential equation solvers [40,41]. By so doing, the boundary of the simulation region can be brought much closer to the surface of the scatterer, thereby reducing the size of the simulation region and the number of associated unknowns. However, such a method of “absorbing” the outgoing wave results in a partially dense matrix in the final matrix system for the problem.

By a proper ordering of the nodes in FEM [41,42], the dense matrix will reside only at the bottom right-hand corner of the matrix system as shown in Figure 1. In this manner, the inverse of the matrix system can be found by the matrix-partitioning method. When nested-dissection ordering [43] is applied to the sparse part, and LU decomposition is applied to the dense part, the overall computational complexity is of O(N^{1.5}) in 2D, and of O(N^2) in 3D. The memory requirements are O(N log N) in 2D and O(N^{4/3}) in 3D [18].

When iterative methods are used to solve the matrix system as shown in Figure 1, the matrix-vector multiply from the dense submatrix could become a bottleneck in 3D or for thinly coated metallic scatterers. However, with the use of fast integral equation solvers [44,45], this bottleneck could be removed. The example of hybridizing a fast integral equation solver and FEM has been illustrated [46]. Figure 2 shows the comparison of such a calculation with experiments [47] when applied to an elliptically contoured crack in a ground plane.

One of the drawbacks of differential equation solvers is the grid dispersion error incurred [48-50]. The grid dispersion error causes a wave to have a different phase velocity on a grid compared to the exact solution. This error can be suppressed by using a higher grid density, but at the expense of increased computational labor. Because the error is cumulative, it is particularly pronounced for simulation over a large region or for large scatterers. To suppress the error, the grid density has to increase as the simulation region increases in size. For second-order accurate schemes, the grid density in one dimension (number of points per wavelength) has to grow as (kd)^{0.5} where d is the “diameter” of the simulation region and k is the wavenumber of the wave [49]. Therefore, the number of unknowns grows as (kd)^{1.5} in one dimension. Hence, in two dimensions, the number of unknowns scales as (kd)^3 while in three dimensions, it scales as (kd)^{4.5}. A remedy for this is to use a higher-order accurate differential equation solver [51,52] or to couple the differential equation solver to an integral equation solver when large homogeneous regions exist.

3. Integral Equation Solvers

Alternatively, a scattering problem can be cast into an integral equation. Integral equation solvers usually involve a smaller number of unknowns than differential equation solvers because only the induced sources are unknowns, whereas in a differential equation, the field is the unknown. For example, for a metallic scatterer, the induced current resides only on the surface of the scatterer. Hence, for a scatterer in a 3D space, the induced current exists in a space of smaller dimensions, greatly reducing the number of unknowns required to accurately represent the solution, except for inhomogeneous scatterers. However, integral equation solvers result in dense matrices. If the matrix equation is then solved by LU decomposition (Gaussian elimination) or alternatively by an iterative technique such as the conjugate gradient (CG) or related methods [19,20], the computational labor may be excessive. LU decomposition requires O(N^3) operations and O(N^2) memory storage and provides a solution for all excitations of the scatterer. CG requires O(N^2) operations per iteration for dense matrices, because the most costly step in a CG iteration is in the matrix-vector multiply. In general, the number of iterations grows with the electrical size of the scatterer. A straightforward implementation of CG requires O(N^2) memory storage, providing a solution that is valid for only one excitation. However, it is possible to iteratively solve the the pertinent equation concurrently for multiple right-hand sides, thereby exploiting as much as possible the redundancies in the right-hand sides [53].

The high computational complexity of the aforementioned solution schemes precludes their application to the analysis of scattering from large structures. Many researchers have attempted to reduce the complexity of the traditional MOM algorithm by reducing the computational labor of the pertinent matrix-vector multiplies. For surface scatterers, Rokhlin [44] proposed the Fast-Multipole Method (FMM) to reduce the computational complexity of matrix-vector multiplies in an iterative method. Canning [54] has developed the impedance-matrix localization the (IML) method, which uses basis functions that produce directed beams. This results in a sparse MOM matrix, which in turn, expedites a matrix-vector multiply. The IML works well for smooth surfaces, but not for non-smooth surfaces. In a similar spirit, the complex multipole beam

Figure 3. The bistatic RCS of a three-layed spherical scatterer. The solid line is from the Mie series solution; the dashed line is for the numerical solution using BiCG-FFT. a_1 = 0.169m, ϵ_{r,1} = 1.2, a_2 = 0.339m, ϵ_{r,2} = 2.0, and a_3 = 0.508m, ϵ_{r,3} = 2.4; with 31 × 31 × 31 grids. This problem has about 90,000 unknowns and the frequency is 590 MHz (λ_0=0.508 m)

approach has been introduced [55], but it again works only for smooth surfaces.

Wavelet transforms [56-61] have also been used to yield sparse matrices that can be solved rapidly. Since wavelets are scale invariant, they are well-suited for solving static or low frequency (elliptic) problems. When wavelets are used to sparsify matrices resulting from an integral equation of static, they sparsify the matrices to O(N log N) elements, reducing the operation count of a matrix-vector multiply to O(N log N). For wavelike problems, even though these methods expedite matrix-vector multiplies, they do not reduce the computational complexity [61] when the scatterer size grows with respect to wavelength. Many methods have been proposed in the past which, even though will reduce solution time, do not reduce the computational complexity [62-65].

For volumetric scatterers, several recursive and nesting algorithms have been developed to directly obtain the solutions of integral equations for all right-hand sides [14-17]. Also, in an iterative method, the FFT can be used to expedite the matrix-vector multiply and reduce the computational complexity and memory requirement for solving such scattering problems [66-77].

Here, we will first discuss fast methods to solve volume integral equations rapidly using FFT [66-72]. Then for surface integral equations, we will first discuss the use of wavelet transforms to expedite matrixvector multiplies in an iteration solution method. Finally, we will discuss the use of the FMM, related methods, and various multilevel algorithms to accelerate matrix-vector multiplies in an iterative solver.

4. Iterative Methods for Volume Scattering

Scattering from a volumetric object can be analyzed efficiently using iterative methods where the bottleneck is the matrix-vector multiply involving a dense matrix. The matrix-vector multiply represents the action of the Green’s operator on induced currents in the scatterer. Since the Green’s operator is translationally invariant, this action can be written as a convolutional integral: ∫ V dr^′g(r − r^′)j(r^′), (1)

where g(r) is the Green’s function, and j(r) is the induced current. Such action can be expedited using an FFT, with a complexity of O(N log N) [66-70]. However, in 3D, the Green’s function for electromagnetic scattering is highly singular (as in the dyadic Green’s function). Therefore, a high sampling rate is needed

Figure 4. The bistatic RCS of a dielectric sphere computed using the BiCG-FFT T matrix method. The solid line is from the Mie series solution; the dashed line is the numerical solution. Here, the radius = 10^{−5}λ_0 and ϵ_r = 4.0. A 16 × 16 × 16 grid is used. The number of iterations needed to solve this problem is independent of the number of unknowns at such a low frequency.

to perform the above convolution accurately. To mitigate the singularity of the dyadic Green’s function, a difference operator is used to approximate the differential operator in the dyadic Green’s function in [67]. In a similar vein, [68] proposed the use of a weak formulation of the integral equation plus a spherical mean approximation. In [69], the induced current is expanded in terms of a continuous function, even though the induced current, which is proportional to (ϵ − ϵ_0)E, should be a discontinuous function.

Alternatively, we can discretize the above integral by projecting it onto a smaller subspace using the MOM [1], converting the integral operator into a matrix operator. The singularity of the Green’s operator is being mitigated by this projection. When the subspace is spanned by subdomain basis functions, and the mesh used is rectilinear, the pertinent matrix is (block) Toeplitz [70]. Consequently, the matrix-vector multiply can be performed exactly by using a FFT requiring O(N log N) operations. Figure 3 shows the bistatic RCS of a layered sphere computed using such a method. The sphere is modelled by 90,000 unknowns, and a matrix-vector multiply can be performed in several minutes on a 10 MFLOPS machine.

Alternatively, we can decompose the inhomogeneous scatterer into N subscatterers, whose scattering is characterized by a T matrix. Then a set of linear algebraic equations accounting for the multiple scattering between the subscatterers is derived. When the scatterers reside on a regular array, the pertinent matrix equation has a Toeplitz structure, and the FFT can be used to compute the matrix-vector multiply in O(N log N) operations [71,72].

Both this method and the MOM method avoid the singularity of the Green’s function, and only a low sampling rate is needed to perform the FFT accurately. Figure 4 shows the bistatic RCS of a dielectric sphere computed using such a method. This method does not have low-frequency instability problems as opposed to some FEM formulations as discussed in [78,79].

Comparison of the efficiency of the CG-FFT method and RATMA has been presented in [73,74]. When a scatterer is lossless, RATMA is superior to CG-FFT. But when the scatterer is lossy, the number of iterations required is small, and CG-FFT is more efficient than RATMA.

The CG-FFT method can also be used to expedite the solution of the scattering from a cluster of randomly distributed spheres and randomly distributed cylinders. When the subscatterers do not reside on a regular array, a precorrected method can be used to derive a Toeplitz matrix structure, and FFT can again be used to accelerate the matrix-vector multiply [71,76]. The precorrected FFT method has also been used in the adaptive integral method (AIM) [77], which will be discussed in greater detail in Section 11.

5. Wavelets

There have been many attempts at using wavelets to solve scattering problems [56-61]. Such approaches have met with some success at lower frequencies due to the elliptic nature of the electrostatic problem. For instance, wavelets can be used to sparsify the boundary integral equation of electrostatics. The originally dense matrix resulting from discretizing this integral equation reaches a sparsity of O(N log N) after applying a wavelet transform [80]. This sparsity occurs because the integral operator belongs to the class of Calderon- Zygmund operators [80,81] where the kernel is infinitely smooth. A physical explanation is that, at low frequencies, wavelet function currents generate only localized fields. In other words, in electrostatics, the interaction between wavelet sources is mainly short range. This is particularly so for interactions due to the “fine features” of the sources. In addition, electrostatic problems are scale invariant, as are the wavelet bases.

For PDEs, the associated matrix is already sparse. Hence, there is no apparent advantage to applying a wavelet transform to such a matrix. However, for elliptic PDEs (static), the wavelet transform generates a matrix that can be easily preconditioned so that the resultant condition number of the matrix is of order one, irrespective of the size of the scatterer [82]. As a result, when an iterative solver is used, the number of iterations is independent of the problem size and it can be solved in O(N) operations. Therefore, wavelets, for elliptic PDEs, offer advantages similar to those of multigrid.

Unfortunately, for wavelike problems, the associated integral equation has an oscillatory kernel. In other words, wavelike problems are not scale-invariant. Hence, there is no clear advantage to using a wavelet transform on such a kernel, as one can show that the sparsity of the matrix cannot be reduced to less than O(N^2), the lower bound being related to the Nyquist sampling rate in Fourier analysis [61]. The physical explanation is that when the length scale of a wavelet equals or exceeds the wavelength, it becomes an efficient radiator. Hence, strong long-range interactions exist between these basis functions irrespective of the problem size. The long range interaction in electrodynamics falls off as 1/r; this decay cannot be ignored even over large distances.

Local cosine transforms have been suggested as a remedy to this problem [83]. Local cosine current functions radiate a field that has a sharply directed beam pattern as in IML [54]. As a result, the matrix becomes sparse when the scatterer has a smooth surface. However, when the surface is rough, the local cosine current function loses its sharply directed beam pattern, and the matrix loses its sparsity.

Given a matrix equation resulting from discretizing an integral equation using the method of moments with a pulse basis, A · x = b, (2)

the corresponding wavelet basis representation can be related to the pulse basis representation by a matrix transform x = U · w, (3)

where U is unitary when the wavelet basis is orthonormal (though nonorthogonal wavelets are also used). By using (3) in (2), we have U^t · A · U · w = U^t · b, (4) or ~A · w = ~b, (5)

where ~A = U^t · A · U, (6a)

~b = U^t · b. (6b)

The matrix ~A is the moment method matrix represented in the wavelet basis. Figure 5 [61] shows two matrices from a 2D electrodynamic boundary integral equation for a circular scatterer and an L-shaped scatterer after wavelet transform using Daubechies wavelets [84]. It is seen that the bottom right-hand corner of the matrix remains dense.

Figure 6 [61] shows the matrix sparsity as a function of the number of unknowns for the circular scatterer and the L-shaped scatterer. It is clear that the fraction of nonzero elements remains a constant after the scatterer has increased to a certain size. Here, a discretization density of 10 points per wavelength is used throughout the study. Hence, as the size of the scatterer increases, its dimension increases with respect to the wavelength. However, if we keep the size of the scatterer constant with respect to the wavelength and increase the discretization density to increase the number of unknowns, then the sparsity of the matrix will

Figure 5. The matrices after wavelet transform appear sparse but are dense at the bottom right-hand corner. The left one is for a circular cylinder, while the right one is for an L-shaped cylinder. Daubechies wavelets with eight vanishing moments are used.

Figure 6. The percentage of nonzero elements as a function of the number of unknowns. It is seen that the percentage does not go down after a while, because of the long-range interaction of wavelets in electrodynamics.

increase as expected. The wavelet transform removes over-sampling of the unknowns beyond the Nyquist rate.

6. Fast Multipole Method

For surface structures, there exists no direct solver with reduced computational for efficiently solving the integral equation of scattering. Therefore, one resorts to an iterative solver whereby the computational complexity of a matrix-vector multiply can be reduced. Many methods for expediting matrix-vector multiplies have been proposed, but the FMM and its variants [44,45,85-92] hold most promise in providing a fast method that applies to scatterers of arbitrary geometry. The detailed mathematical description of the FMM for electromagnetic problems can be found in the aforementioned references. Therefore, we will describe this method from a heuristic viewpoint.

A matrix-vector multiply involving a dense matrix and a dense vector requires N^2 operations. This is illustrated by Figure 7. In essence, every element of a vector communicates with every other element

Figure 7. A one-level matrix-vector multiply where all current elements talk directly to each other. The number of “links” is proportional to N^2 where N is the number of current elements.

Figure 8. A two-level matrix-vector multiply where “hubs” are established to reduce the number of direct “links” between the current elements. This could potentially reduce the complexity of a matrix-vector multiply.

Figure 9. Monostatic RCS of a one-meter long NASA almond at 2.5 GHz in the xy plane with θ = 90^o. Five unknowns are used per wavelength. The results are computed with LU decomposition, and partially with FMM. The experimental measurement by Ohio State University [3] is also given for comparison.

directly. Clearly, N^2 operations are needed. The above is like connecting N cities with direct flight routes. The number of flight routes increases as N^2. However, if “hubs” are introduced in the flight routes, then their number can be reduced, as shown in Figure 8, where the number of flight routes becomes less than N^2. Since Figure 8 represents a two-level structure, a matrix-vector multiply would have to be effected in three stages. Therefore, a matrix element has to be factored as a product of three terms. In other words, a matrix-vector multiply can be expressed as N∑ j=1 A_{ij} x_j = V^t_{il} · N/M∑ l^0 =1 ffll0 ·^∑_{jϵGl0} Vl0 j xj^{{ i ∈ Gl,}_{l = 1, · · · , N/M.} (7) In the above, we assume that the N elements in the vector are divided in groups with M elements each. Therefore, there are a total of N/M groups G_l. Moreover, it implies that a matrix A_{ij} derived from the integral equation of scattering can be factored as

A_{ij} = V^t_{il} · ff_{ll}0 · V_l0_j . (8)

The above factorization is achievable by using the addition theorem, where l^′ corresponds to the center of the l^′-th group, which contains the j-th element. This is possible for i and j belonging to different nonoverlapping groups. Unfortunately, in the above, a scalar number A_{ij} is converted into a product of a vector, a matrix and a vector. Therefore, even though the number of “routes” diminishes as shown in Figure 8, the number of operations is not reduced — it is still of O(N^2). It can be shown that the dimensions of V and

ff in (7) are proportional to M, the number of elements in the group it represents. Fortunately, a change of

basis to the plane-wave basis diagonalizes the matrix ff_{ll}0 . This diagonalization was first achieved by Rokhlin [44]. Hence, one can write A_{ij} = ~V^t_{il} · ~ff_{ll}0 · ~V_l0_j (9)

where ~ff_{ll}0 is now a diagonal matrix. By so doing, the number of operations for a matrix-vector multiply as expressed by (7) can be reduced for the non-nearest neighbor (non-overlapping) groups. Choosing the group size M ∼ √ N, the matrix-vector multiply can be effected in O(N^{1.5}) operations [44,45,85,86]. Figure 9 shows the use of the FMM to calculate the electromagnetic scattering of a NASA almond [86].

7. Ray-Propagation Fast Multipole Algorithm (RPFMA)

In the FMM, a matrix-vector multiply is expressed as N∑ j=1 A_{ij} x_j = ~V^t_{il} · N/M∑ l^0=1 ~ffll0 ·^∑_{jϵGl0}^~Vl0 j xj ,^{{ i ∈ Gl,}_{l = 1, · · · , N/M.} (10) The first step b_l0 = ∑ jϵG_l0 ~V_{l0 j} x_j (11)

calculates the plane waves with k-vectors on a sphere (or a circle in 2D) radiated by the sources x_j in group G_l0 . Then the second step c_l = ∑ l^0

~ffll0 · bl0 (12)

calculates the plane waves with different k-vectors on a sphere received by group G_l after the plane waves have been translated through the space separating the centers of groups G_l and G_l0 . Then the last multiply,

d_i = ~V^t_{il} · c_l (13)

redistributes the plane waves received by group G_l to the i-th element of the group.

If the groups G_l and G_l0 are far apart, it is clear that not all plane waves on a sphere will participate in the interaction between the elements of the two groups [87,88]. In fact, ray physics dictates that only a small fraction of the plane waves accounts for the interaction between the two groups. Therefore, the dimension of the matrix ~ff_{ll}0 can be reduced to manifest this ray physics. Then the cost of the operation in (10) can be further reduced. Because of this, more intragroup calculation is desired. In this case, we choose M ∼ N^{1/3}, and the complexity of a matrix-vector multiply can be further reduced to O(N^{4/3}).

A simplification of RPFMA is the fast far-field approximation (FAFFA) [89]. This method greatly simplifies the matrix elements for the far interactions between the elements; hence, they can be computed as needed. Therefore, an algorithm with O(N) memory requirement is possible in this case.

8. Multilevel Algorithms

A logical extension of the two-level FMM is a multilevel algorithm [90-93]. In this case, the number of levels is proportional to log N. If only N operations are needed at each level, this becomes an N log N algorithm for matrix-vector multiplies. Order N operations can be maintained at each level by interpolation and anterpolation [89,90]. Figure 10 shows the use of the multilevel fast multipole algorithm (MLFMA) to solve a 110,592-unknown problem on a workstation using the combined field integral equation [94]. The memory requirement of this algorithm is O(N log N), allowing large problems to be solved on a small computer.

Figure 10. Validations of CFIE [94] with MLFMA against the Mie series of the bistatic RCS of a metallic sphere of radius 1 m at 2.4 GHz (λ_0=12.5 cm) for VV polarization. 110,592 unknowns with a 6-level FMM are used. The RCS is normalized by πa^2. The computation takes 24 hours on a 10 MFLOPS machine.

The matrix decomposition algorithm (MDA) and its multilevel cousin (MLMDA) [95,96] accelerate the iterative solution of electromagnetic scattering problems involving large scatterers. Unlike the FMM which relies on an analytical diagonalization of the translation operator, the MDA and MLMDA decompose MOM matrices using commonly available linear algebraic techniques. The MDA and MLMDA directly exploit the limited number of Degrees of Freedom (DOF) [97] that characterize a field observed over a domain that is “well-separated” from a source domain.

The MLMDA differs from the MDA in that off-diagonal blocks of the MOM matrix are aggregated into larger entities and decomposed using a multilevel algorithm that resembles an FFT as shown in Figure 11. The memory requirements and the computational complexity of the MDA are O(N^{3/2}) while those for the MLMDA asymptotically approach N log^2 N. The MLMDA can easily be incorporated into existing Method of Moment (MOM) programs. The MLMDA has been applied to the solution of scattering problems involving large 2D scatterers with 50,000 unknowns.

9. Fast Steepest Descent Path Algorithm (FASDPA)

The Fast Steepest Descent Path Algorithm (FASDPA) [98,99] constitutes a novel two-level algorithm that hybridizes the FMM and the MDA. Not unlike the FMM and the MDA, the FASDPA starts from a spatial decomposition of the scatterer into a large number of subscatterers, and interactions between nearby subscatterers are accounted for directly. Interactions between distant subscatterers are expressed in terms of a small set of equivalent sources that exhaust the degrees of freedom of the interaction field, as in the MDA. To permit the algorithm to “recycle” information in a manner similar to the FMM, the field radiated by each group is represented in terms of a set of homogeneous plane waves. Equivalent source amplitudes

Figure 11. The MOM matrix (a), is decomposed as shown in (b). Blocks representing near-field interactions are stored classically, while blocks representing far-field interactions are stored as products of low rank matrices (MDA) or are aggregated and stored using an FFT-like scheme.

are obtained from the plane wave spectrum. More specifically, the FASDPA expresses the interaction field between distant groups as Equation (8). However, in contrast to the FMM, where the ff_{ll}0 matrix represents a diagonal translation matrix for homogeneous plane waves emanating from the source, the ff_{ll}0 matrix for the FASDPA is empty except for a small translation block, appearing on the diagonal. The computational complexity of the FASDPA is O(N^{4/3}) per iteration without proceeding to a multilevel scheme. Figure 12 compares the radar cross section of a corrugated semicircular structure computed using the FASDPA with results obtained using the MLMDA.

Figure 12. Bistatic RCS of corrugated semicircular structure p = 1.57λ, their depth is d = 0.5λ, and the structure is illuminated by a TM_z plane wave traveling along the direction; r = 9λ (N=400) and r = 639λ (N=25,600).

10. Fast Algorithm for Elongated Structures

Numerical algorithms for analyzing electromagnetic scattering from elongated objects, i.e., structures whose dimensions extend primarily along one spatial axis and which are uniform or of limited extent along the other two axes, are of great practical interest. A non-exclusive list of potential applications includes the analysis of scattering from rough surfaces, winglike structures, truncated and quasi-periodic structures, as well as the analysis of radiation from large phased-array antennas. Several methods have been proposed to seek an efficient solution to such problems [100,101].

The equivalent source algorithm for elongated structures (ESAES) [102] is a fast direct solver for analyzing scattering from such structures. ESAES is conceptually similar to RATMA for planar structures [100]: both are based on a recursive characterization of increasingly larger subscatterers using scattering matrices of reduced dimensions, and both algorithms have N log^2 N computational complexity and O(N log N) memory requirements. The ESAES abandons the plane-wave representation of the two-dimensional Green’s function employed in [100] in favor of a reduced spatial representation of the fields that are scattered by an elongated object. This reduced spatial representation permits the computation of the fields radiated by N quasi-aligned sources and observed over an elongated domain, in terms of that radiated by O(N log N) equivalent sources. The concept of a reduced field representation is directly related to that of the limited number of degrees of freedom that characterize fields radiated by electromagnetic sources [97] . This reduced field representation can be obtained by augmenting an existing MOM code with purely algebraic techniques, e.g., a singular value or a rank revealing QR decomposition. We have applied the ESAES to 2D structures that measure several thousand wavelengths in length. Figure 13 shows the bistatic RCS of a finite periodic structure computed using the ESAES and compares the results to those obtained using the MLMDA.

Figure 13. Bistatic RCS of a finite triangular grating of length L = 594λ, P = 6λ, and H = 1.1λ for normal TM plane wave incidence. Backscatter grating lobes can be observed.

11. Adaptive Integral Method

Even though precorrected FFT methods have been used in the past to solve electrodynamic [71,76] and electrostatic problems [103], a note is in order on a related technique developed by Bleszynski et al [77], termed the adaptive integral method (AIM), which has been successfully applied to the analysis of scattering from very complex structures.

As in the FMM, the AIM separately considers near- and far-field interactions when evaluating a matrixvector multiply. To compute far-field interactions, sources supported by the scatterer are projected onto a regular grid by matching their multipole moments (up to a certain order) in order to guarantee the approximate equality of their far-fields. Next, the fields at other grid locations produced by these gridprojected currents are evaluated by a three-dimensional convolution. Knowledge of these fields permits the computation of fields on the scatterer through interpolation. The projection and interpolation operators are represented by sparse matrices, while the convolution can be effected using an FFT. Unfortunately, the near-fields radiated by these grid-currents do not match those radiated by the original sources. Therefore, near-field interactions are evaluated directly, and corrected for errors introduced by the far-field operator.

For volumetric scatterers, the computational and memory costs associated with the AIM scale as O(N log N) and O(N), respectively. For surface scatterers, its computational complexity scales as O(N^{1.5} log N) and its memory requirements as N^{1.5}. The computational complexity and memory requirements of the MLFMA are O(N log N), and hence asymptotically scale more favorably than those of the AIM. Nonetheless, the AIM competes with the MLFMA because the FFT butterfly tree is devoid of the complex interpolation and anterpolation operators inherent in MLFMA. Also, the AIM concept is applicable to all problems exhibiting convolutional structure, and is easier to implement than MLFMA. As a result, the AIM has been successfully applied to the analysis of scattering from very large 3D structures.

12. Conclusions

We have reviewed fast solution methods for efficiently solving electromagnetic scattering problems. Fast solution methods for electromagnetic scattering problems will have a definite impact in the area of computer-aided design of many technologies that rely on Maxwell’s equations.

Even though a matrix-vector multiply for scattering problems only requires O(N log N) operations both for volume scattering and surface scattering problems, the number of iterations needed remains unpredictable. Therefore, preconditioning techniques for reducing the required number of iterations in iterative methods are urgently needed in solving electromagnetic wave scattering problems. Finally, even though direct solvers with reduced computational complexities are available for volumetric scattering problems, no such solvers exist for surface scatterers, except for collinear (or almost coplanar) structures. Hence, this remains an open problem.

REFERENCES

[1] R.F. Harrington, Field Computation by Moment Method. Krieger Publ., Malabar, Florida, 1982. [2] S.M. Rao, D.R. Wilton, and A.W. Glisson, “Electromagnetic scattering by surfaces of arbitrary shape,” IEEE Trans. Antennas Propagat., vol. 30, no. 3, pp. 409-418, 1982.

[3] M.I. Sancer, R.L. McClary, and K.J. Glover,“Electromagnetic computation using parametric geometry,” Electromagnetics, vol. 10, pp. 85-103, 1990.

[4] D.L. Wilkes and C.-C. Cha, “Method of moments solution with parametric curved triangular patches,” IEEE APS Int. Symp. Dig., pp. 1512-1515, 1991.

[5] E.H. Newman, “Polygonal plate modeling,” Electromagnetics, vol.10, pp. 65-83, 1990. [6] K.S. Yee, “Numerical solution of initial boundary value problems involving Maxwell’s equations in isotropic media,” IEEE Trans. Ant. Propag., vol. 14, pp. 302-307, 1966.

[7] S.S. Zivanovic, K.S. Yee, and K.K. Mei, “A subgridding method for the time-domain finite-difference method to solve Maxwell’s equations,” IEEE Trans. Microwave Theory Tech., vol. 39, no. 3, pp. 471-479, 1991.

[8] K.S. Kunz and R.J. Luebbers, The Finite Difference Time Domain Method for Electromagnetics, CRC Press, Boca Raton, 1993.

[9] A. Taflove, Computational Electrodynamics: The Finite-Difference Time-Domain Method. Artech House, Boston, 1995.

[10] P.P. Silvester and R.L. Ferrari, Finite Elements for Electrical Engineers. (2nd ed.) Cambridge University Press, Cambridge, 1990.

[11] J.M. Jin, J.L. Volakis, and J.D. Collins, “A finite element-boundary integral method for scattering and radiation by two- and three-dimensional structures,” IEEE Antennas Propagat. Mag., vol. 33, no. 3, pp. 22-32, June 1991.

[12] J.M. Jin, The Finite Element Method in Electromagnetics. John Wiley & Sons, New York, 1993. [13] S.W. Lee, H. Ling, and R.C. Chou, “Ray tube integration in shooting and bouncing ray method,” Micro.

Opt. Tech. Lett., vol. 1, pp. 285-289, October 1988.

[14] W.C. Chew, “Fast algorithms for wave scattering developed at the Electromagnetics Laboratory, University of Illinois,” IEEE Ant. Propag. Mag., vol. 35, no. 4, pp. 22-32, 1994.

[15] Y.M. Wang and W.C. Chew, “A recursive T-matrix approach for the solution of electromagnetic scattering by many spheres,” IEEE Trans. Ant. Propag., vol. 41, no. 12, pp. 1633-1639, 1993.

[16] W.C. Chew, C.C. Lu, and Y.M. Wang, “Review of efficient computation of three-dimensional scattering of vector electromagnetic waves,” J. Opt. Soc. Am. A, vol. 11, pp. 1528-1537, 1994.

[17] C.C. Lu and W.C. Chew, “The use of Huygens’ equivalence principle for solving 3D volume integral equation of scattering,” IEEE Trans. Ant. Propag., vol. 43, no. 5, pp. 500-507, 1995.

[18] O. Axelsson and V.A. Barker, Finite Element Solution of Boundary Value Problems: Theory and Computation. Academic Press, New York, 1984.

[19] M.R. Hestenes and E. Stiefel, “Methods of conjugate gradients for solving linear systems,” J. Res. Nat.

Bur. Stand., Sect. B, vol. 49, pp. 409-436, 1952.

[20] T.K. Sarkar, “On the application of the generalized biconjugate gradient method,” J. Electromag. Waves Appl., vol. 1, no. 3, pp. 223-242, 1987.

[21] W.C. Chew, Waves and Fields in Inhomogeneous Media. Van Nostrand Reinhold, New York, 1990, reprinted by IEEE Press, 1995.

[22] V. Druskin and L. Knizhnerman, “Two polynomial methods of calculating functions of symmetric matrices,” USSR Comput. Math. Phys., vol. 29, no. 6, pp. 112-121, 1989.

[23] V. Druskin and L. Knizhnerman, “A spectral semidiscrete method for the numerical solution of 3-D non-stationary problems in electrical prospecting,” Izv. Acad. Sci. USSR: Phys. Solid Earth, no. 8. pp. 63-74, 1988.

[24] U. Schulz and R. Pregla, “A new technique for the analysis of the dispersion characteristics of planar waveguides,” Arch. Elek. Übertragung. (AEÜ), vol. 34, pp. 169-173, 1980.

[25] W. C. Chew, S. Barone, C. Hennessy, and B. Anderson, “Diffraction of axisymmetric waves in a borehole by bed boundary discontinuities,” Geophysics, vol. 49, no. 10, pp. 1586-1595, 1984.

[26] Q.H. Liu and W.C. Chew, “Analysis of discontinuities in planar dielectric waveguides: results and applications,” IEEE Trans. Microwave Theory Tech., vol. 39, no. 3, pp. 422-430, 1991.

[27] J.-P. Berenger, “A perfectly matched layer for the absorption of electromagnetic waves,” J. Comp.

Phys., vol. 114, pp. 185-200, 1994.

[28] W.C. Chew and W.H. Weedon, “A 3-D perfectly matched medium from modified Maxwell’s equations with stretched coordinates,” Micro. Opt. Tech. Lett., vol. 7, no. 13, pp. 599-604, 1994.

[29] D. S. Katz, E. T. Thiele, and A. Taflove, “Validation and extension to three dimensions of the Berenger PML absorbing boundary condition for FD-TD meshes,” IEEE Micro. Guided Wave Lett., vol. 4, no. 8, pp. 268-270, 1994.

[30] R. Mittra and Ü. Pekel, “A new look at the perfectly matched layer (PML) concept for the reflectionless absorption of electromagnetic waves,” IEEE Micro. Guided Wave Lett., vol. 5, no. 3, pp. 84-86, 1995.

[31] E. A. Navarro, C. Wu, P. Y. Chung, and J. Litva, “Application of PML superabsorbing boundary condition to non-orthogonal FDTD method,” Electronics Lett., vol. 30, no. 20, pp. 1654-1656, 1994.

[32] Z. S. Sacks, D. M. Kingsland, R. Lee, and J.-F. Lee, “A perfectly matched anisotropic absorber for use as an absorbing boundary condition,” IEEE Trans. Ant. Propag., vol. 43, no. 12, pp. 1460-1463, 1995.

[33] M. Gribbons, S. K. Lee, and A. C. Cangellaris, “Modification of Berenger’s perfectly matched layer for the absorption of electromagnetic waves in layered media,” 11th Ann. Rev. of Progress in ACES, pp. 498-503, 1995.

[34] W.V. Andrew, C.A. Balanis, and P.A. Tirkas, “A comparison of the Berenger perfectly matched layer and the Lindman higher-order ABC’s for the FDTD method,” IEEE Microwave Guided Wave Lett., vol. 5, no. 6, pp. 192-194, 1995.

[35] J. Fang and Z. Wu, “Generalized perfectly matched layer—an extension of Berenger’s perfectly matched layer boundary condition,” IEEE Microwave Guided Wave Lett., vol. 5, no. 12, pp. 451-453, 1995.

[36] K.K. Mei, “Unimoment method of solving antenna and scattering problems,” IEEE Trans. Antennas Propagat., vol. 22, pp. 760-766, Nov. 1974.

[37] S.K. Chang and K.K. Mei, “Application of the unimoment method to electromagnetic scattering of dielectric cylinders,” IEEE Trans. Antennas Propagat., vol. 24, pp. 35-42, Jan. 1976.

[38] M.A. Morgan and K.K. Mei, “Finite-element computation of scattering by inhomogeneous penetrable bodies of revolution,” IEEE Trans. Antennas Propagat., vol. 27, pp. 202-214, March 1979.

[39] J.M. Jin and N. Lu, “The unimoment method applied to elliptical boundaries,” IEEE Trans. Antennas Propagat., to be published.

[40] B. McDonald and A. Wexler, “Finite element solution of unbounded field problems,” IEEE Trans.

Microwave Theory Tech., vol. 20, pp. 841-847, 1972.

[41] J.M. Jin and V.V. Liepa, “A note on hybrid finite element method for solving scattering problems,” IEEE Trans. Antennas Propagat., vol. 36, no. 10, pp. 1486-1489, 1988.

[42] M.A. Nasir, W.C. Chew, P. Raghaven, and M.T. Heath, “O(N^{1.5}) solution of hybrid FEM problems,” IEEE APS Int. Symp. Dig., pp. 447-450, 1994.

[43] A. George, “Nested dissection of a regular finite element mesh,” SIAM J. Numer. Anal., vol. 10, pp.

345-363, 1973.

[44] V. Rokhlin, “Rapid solution of integral equations of scattering theory in two dimensions,” J. Comput.

Phys, vol. 36, no. 2, pp. 414-439, 1990.

[45] C.C. Lu and W.C. Chew, “A fast algorithm for solving hybrid integral equation,” IEE Proceedings-H, vol. 140, no. 6, pp. 455-460, 1993.

[46] N. Lu and J.M. Jin, “Application of FMM to finite element-boundary integral solution of scattering problems,” IEEE Trans. Ant. Propag., vol. 44, no. 6, pp. 781-786, 1996.

[47] A.K. Dominek, H.T. Shamansky, and N. Wang, “Scattering from three-dimensional cracks,” IEEE.

Trans. Ant. Propag., vol. 37, no. 5, pp. 586-591, 1989.

[48] A. Bayliss, C.I. Goldstein, and E. Turkel, “On accuracy conditions for the numerical computation of waves,” J. Computational Phys., vol. 59, pp. 396-404, 1985.

[49] R. Lee and A.C. Cangellaris, “A study of discretization error in the finite element approximation of wave solution,” IEEE Trans. Ant. Propag., vol. 40, no. 5, pp. 542-549, 1992.

[50] W.R. Scott, Jr., “Errors due to spatial discretization and numerical precision in the finite-element method,” IEEE Trans. Ant. Propag., vol. 42, no. 11, pp. 1565-1569, 1994.

[51] T. Deveze, L. Beaulieu, and W. Tabbara, “A fourth-order scheme for the FDTD algorithm applied to Maxwell’s equations,” IEEE APS Int. Symp. Dig., pp. 346-349, 1992.

[52] C.W. Manry, S.L. Broschat, and J.B. Schneider, “Higher-order FDTD methods for large problems,” J.

Appl. Comput. Electromag. Soc., vol. 10, no. 2, pp. 17-29, 1995.

[53] V. Simoncini and E. Gallapoulos, “An iterative method for nonsymmetric systems with multiple righthand sides,” SIAM J. Sci. Comput., vol. 16, pp. 917-933, 1995.

[54] F.X. Canning, “Transformations that produce a sparse moment matrix,” J. Electromag. Waves Appl., vol. 4, pp. 983-993, 1990.

[55] A. Boag and R. Mittra, “Complex multipole beam approach to electromagnetic scattering problems,” IEEE Trans. Ant. Propag., vol. 42, no. 3, pp. 366-372, 1994.

[56] H. Kim and H. Ling, “On the application of fast wavelet transform to the integral-equation solution of electromagnetic scattering problems,” Micro. Opt. Tech. Lett., vol. 6, no. 3, pp. 168-173, 1993.

[57] B.Z. Steinberg and Y. Leviatan, “On the use of wavelet expansions in the method of moments,” IEEE Trans. Antennas Propagat., vol. 41, no. 5, pp. 610-619, 1993.

[58] R.L. Wagner, G.P. Otto, and W.C. Chew, “Fast waveguide mode computation using wavelet-like basis functions,” IEEE Micro. Guid. Wave Lett., vol. 3, no. 7, pp. 208-210, 1993.

[59] K. Sabetfakhri and L.P.B. Katehi, “Analysis of integrated millimeter-wave and submillimeter-wave waveguides using orthonormal wavelet expansion,” IEEE Trans. Microwave Theory Tech., vol. 42, pp. 2412-2422, 1994.

[60] G. Wang, G. Pan, and B.K. Gilbert, “A hybrid wavelet expansion and boundary element analysis for multiconductor transmission lines in multilayered dielectric media,” IEEE Trans. Microwave Theory Tech., vol. 43, pp. 664-674, 1995.

[61] R.L. Wagner and W.C. Chew, “A study of wavelets for the solution of electromagnetic integral equations,” IEEE Trans. Ant. Propag., vol. 43, no. 8, pp. 802-810, 1995.

[62] Y. Leviatan and A. Boag, “Analysis of electromagnetic scattering from dielectric cylinders using a multifilament current model,” IEEE Trans. Ant. Propag., vol. 35, no. 10, pp. 1119-1127, 1987.

[63] R. Kastner, “On matrix partitioning, the SMW technique and the ‘add-on’ method,” IEEE APS Int.

Symp. Dig., pp. 15-18, 1989.

[64] Ch. Hafner, The Generalized Multipole Techniques for Computational Electromagnetics, Artech House, London, 1990.

[65] J. Zheng and S. Kiener, “Computation of big bodies with GMT: comparison between 2D and 3D cylinders,” IEEE APS Int. Symp. Dig., pp. 894-897, 1991.

[66] D.T. Borup and O.P. Gandhi, “Fast-Fourier transform method for calculation of SAR distributions in finely discretized inhomogeneous models of biological bodies,” IEEE Trans. Microwave Theory Tech., vol. 32, no. 4, pp. 355-360, 1984.

[67] C.Y. Shen, K.J. Glover, M.I. Sancer, and A.D. Varvatsis, “The discrete Fourier transform method of solving differential-integral equations in scattering theory,” IEEE Trans. Ant. Propag., vol. 37, no. 8, pp. 1032-1041, 1989.

[68] P. Zwamborn and P.M. van den Berg, “The three-dimensional weak form of the conjugate gradient FFT method for solving scattering problems,” IEEE Trans. Microwave Theory Tech., vol. 40, no. 9, pp. 1757-1766, 1992.

[69] M.F. Catedra, E. Gago, and L. Nuno, “A numerical scheme to obtain the RCS of three-dimensional bodies of size using the conjugate gradient method and the fast Fourier transform,” IEEE Trans. Ant. Propag., vol. 37, no. 5, pp. 528-537, 1989.

[70] H. Gan and W.C. Chew, “A discrete BCG-FFT algorithm for solving 3D inhomogeneous scatterer problems,” J. Electromag. Waves Appl., vol. 9, no. 10, pp. 1339-1357, 1995.

[71] W.C. Chew, J.H. Lin, and X.G. Yang, “An FFT T-matrix method for 3D microwave scattering solution from random discrete scatterers,” Micro. Opt. Tech. Lett., vol. 9, no. 4, pp. 194-196, July 1995.

[72] J.H. Lin and W.C. Chew, “BiCG-FFT T-matrix method for solving for the scattering solution from inhomogeneous bodies,” IEEE Trans. Microwave Theory Tech., accepted for publication.

[73] J.H. Lin and W.C. Chew, “A comparison of the CG-FFT method and the recursive T-matrix algorithm,” IEEE APS Int. Symp. Dig, pp. 1591-1594, 1992.

[74] J.J. Mallorqui and M. Rodrigeuz, “GRATMA method for biomedical applications: comparison with the CGM-FFT,” IEEE APS Int. Symp. Dig., pp. 1581-1583, 1995.

[75] K. Lumme and J. Rahola, “Light scattering by porous dust particles in the discrete-dipole approximation,” Astrophys. J., vol. 425, pp. 653-667, 1994.

[76] C.H. Chan and L. Tsang, “A sparse-matrix canonical-grid method for scattering by many scatterers,” Micro. Opt. Tech. Lett., vol. 8, no. 2, pp. 114-118, February 1995.

[77] E. Bleszynski, M. Bleszynski, and T. Jaroszewicz, “A fast integral-equation solver for electromagnetic scattering problems,” IEEE APS Int. Symp. Dig., pp. 416-419, 1994.

[78] K.D. Paulsen and D.R. Lynch, “Elimination of vector parasites in finite element Maxwell solutions,” IEEE Trans. Microwave Theory Tech., vol. 39, pp. 395-404, 1991.

[79] I.D. Mayergorz and J. D’Angelo, “A new point of view on the mathematical structure of Maxwell’s equations,” IEEE Trans. Magn.,, vol. 29, pp. 1315-1320, 1993.

[80] B. Alpert, G. Beylkin, R.R. Coifman, and V. Rokhlin, “Wavelet-like bases for the fast solution of second-kind integral equations,” SIAM J. Sci. Comput., vol. 14, no. 1, pp. 159-184, 1993.

[81] J.J. Benedetto and M.W. Frazier, Wavelets: Mathematics and Applications, CRC Press, Boca Raton, 1994.

[82] S. Jaffard, “Wavelet methods for fast resolution of elliptic problems,” SIAM J. Numer. Anal., vol. 29, no. 4, pp. 965-986, 1992.

[83] R.R. Coifman and Y. Meyer, “Remarques sur l’analyse de Fourier à fenêtre,” C.R. Acad. Sci. Paris, t.

312, série I, pp. 259-261, 1991.

[84] I. Daubechies, “Orthonormal bases of compactly supported wavelets,” Comm. Pure Appl. Math., vol.

41, pp. 909-996, 1988.

[85] R. Coifman, V. Rokhlin, and S. Wandzura, “The fast multipole method for the wave equation: A pedestrian prescription,” IEEE Ant. Propag. Mag., vol. 35, no. 3, pp. 7-12, 1993.

[86] J.M. Song and W.C. Chew, “Fast multipole method solution using parametric geometry,” Micro. Opt.

Tech. Lett., vol. 7, no. 16, pp. 760-765, Nov. 1994.

[87] R.L. Wagner and W.C. Chew, “A ray-propagation fast multipole algorithm,” Micro. Opt. Tech. Lett., vol. 7, no. 10, pp. 435-438, July 1994.

[88] R. Coifman, V. Rokhlin, and S. Wandzura, “Faster single-stage multipole method for the wave equation,” 10th Ann. Rev. of Progress in ACES, pp. 19-24, 1994.

[89] C.C. Lu and W.C. Chew, “Fast far-field approximation for calculating the RCS of large objects,” Micro.

Opt. Tech. Lett., vol. 8, no. 5, April 1995.

[90] A. Brandt, “Multilevel computations of integral transforms and particle interactions with oscillatory kernels,” Comp. Phys. Comm., vol. 65, 1991, pp. 24-38.

[91] C.C. Lu and W.C. Chew, “A multilevel algorithm for solving boundary-value scattering,” Micro. Opt.

Tech. Lett., vol. 7, no. 10, pp. 466-470, July 1994.

[92] B. Dembart and E. Yip, “A 3D moment method code based on fast multipole,” URSI Radio Sci. Meeting Dig., p. 23, 1994.

[93] J.M. Song and W.C. Chew, “Multilevel fast-multipole algorithm for solving combined field integral equations of electromagnetic scattering, ” Micro. Opt. Tech. Lett., vol. 10, no. 1, pp. 14-19, Sept. 1995.

[94] J.R. Mautz and R.F. Harrington, “H-field, E-field, and combined field solution for conducting bodies of revolution,” Arch. Elektron. Übertragungstech (AEÜ), vol. 32, no. 4, pp. 157-164, 1978.

[95] E. Michielssen and A. Boag, “Multilevel evaluation of electromagnetic fields for the rapid solution of scattering problems,” Micro. Opt. Tech. Lett., vol. 7, no. 17, pp. 790-795, December 1994.

[96] E. Michielssen and A. Boag, “A multilevel matrix decomposition algorithm for analyzing scattering from large structures,” in 11th Ann. Rev. of Progress in ACES, pp. 614-620, 1995.

[97] O. M. Bucci and G. Franceschetti, “On the degrees of freedom of scattered fields,” IEEE Trans. Ant.

Propag., vol. 37, pp. 918-926, 1989.

[98] E. Michielssen and W.C. Chew, “Fast integral equation solver using plane-wave basis representation along the steepest descent path,” URSI Radio Sci. Meet. Dig., p. 301, 1995.

[99] E. Michielssen and W.C. Chew, “The fast steepest descent path algorithm for analyzing scattering from two-dimensional scatterers,” Radio Sci., accepted for publication.

[100] W. C. Chew and C. C. Lu, “A fast recursive algorithm to compute the wave scattering solution of a large strip,” J. Comput. Phys. vol. 107, pp. 378-387, 1993.

[101] K. Pak, C.H. Chan, and L. Tsang , “A SMFSIA method for the electromagnetic scattering from a two-dimensional (3-D scattering problem) perfectly conducting random rough surface,” IEEE APS Int. Symp. Dig., pp. 451-453, 1994.

[102] E. Michielssen, A. Boag, and W. Chew, “Scattering from large elongated objects: direct solution in O(N log^2 N) operations,” in 1995 Symposium on Electromagnetic Theory, pp. 464-467, St. Petersburg (Russia), 1995.

[103] J. R. Phillips and J. K. White, “Efficient capacitance computation of 3D structures using generalized precorrected FFT methods,” Proceedings of the 3rd Topical Meeting on Electric Performance of Electronic Packaging, November 2-4, Monterey, 1994.