Complex Coordinate System as a Generalized

Absorbing Boundary Condition^†

W.C. Chew, J.M. Jin, and E. Michielssen

Center for Computational Electromagnetics Electromagnetics Laboratory Department of Electrical and Computer Engineering University of Illinois Urbana, IL 61801

Abstract

By a change of variables, we show that Maxwell’s equations for PML media reduce to ordinary Maxwell’s equations but with complex coordinate systems. Many closed form solutions for Maxwell’s equations map to corresponding closed form solutions in complex coordinate systems. Numerical simulations with the closed form solutions show that metallic boxes lined with PML media are highly absorptive lending a better insight into the absorptive properties of PML media. More importantly, the complex coordinate system method can be easily generalized to non-Cartesian coordinate systems, providing absorbing boundary conditions in these coordinate systems.

1. Introduction

The perfectly matched layer (PML) as a material absorbing boundary condition was first proposed by Berenger [1]. Later, Katz et al [2] extended it to three dimensions, while Chew and Weedon [3] proposed a coordinate stretching viewpoint. An anisotropic media interpretation has also been proposed by Zack et al [4]. Due to its efficacy as a material absorbing boundary condition, it has been fervently studied by many workers for numerical simulations of PDE’s [5-13].

In this paper, we expand on the coordinate stretching viewpoint, and introduce a change of variables to transform Maxwell’s equations in PML media into ordinary-looking Maxwell’s equations in a complex coordinate system. As a result, many closed form solutions that have already existed can be easily mapped into closed form solutions in these complex coordinate systems. Moreover, the method can be easily generalize to non-Cartesian coordinate systems.

† This work was supported by AFOSR under MURI grant F49620-96-1-0025, ONR under grant N00014-95-1-0872, and NSF under grant NSF ECS93-02145. File: aces.tex, Date: July 25, 1997.

2. Complex Coordinate System

Maxwell’s equations in a stretched coordinate system are given by [3] ∇_σ × E = iωμH, (1) ∇_σ × H = −iωϵE, (2) ∇_σ · ϵE = 0, (3) ∇_σ · μH = 0, (4) where ∇_σ = x̂ 1 s_x ∂ ∂x + ŷ 1 s_y ∂ ∂y + ẑ 1 s_z ∂ ∂z . (5)

In the above, s_i, i = x, y, z are coordinate stretching variables. When s_i’s, where i = x, y, z, are functions of i only, then (3) and (4) are derivable from (1) and (2).

With the following change of variables,

x̃ = ∫_x 0 s_x(x^′) dx^′, (6a)

ỹ = ∫_y 0 s_y(y^′) dy^′, (6b)

z̃ = ∫_z 0 s_z (z^′) dz^′, (6c)

the ∇_σ operator becomes ~∇ = x̂ ∂ ∂x̃ + ŷ ∂ ∂ỹ + ẑ ∂ ∂z̃ , (7)

because ∂ ∂x̃ = 1 s_x ∂ ∂x , ∂ ∂ỹ = 1 s_y ∂ ∂y , ∂ ∂z̃ = 1 s_z ∂ ∂z . (8)

In this case, Equations (1) to (4) just become ordinary looking Maxwell’s equations, except that x̃, ỹ, and z̃ can be complex valued as well. As a result, many closed form solutions can be obtained for PML media using the mapping provided by (6a) to (6c).

When x̃, ỹ, and z̃ are complex, the wave that travels through the complex coordinates is attenuated, but not reflected. More importantly, the complex coordinate system for Maxwell’s equations can be written in any coordinate system with complex variables as the coordinate variables. We will illustrate the solutions in the complex Cartesian, cylindrical, and spherical coordinates.

3. Cartesian Coordinates

We will solve for the closed form solution of a line source inside a metallic box of width a, and truncated in the vertical direction at y = b. The box is filled with two half spaces with different wave numbers k_1 and k_2, and the source is located at (x^′, y^′), with a dielectric interface at y = h. The box is assumed to be infinitely extended in the negative y direction. The solution is given by [for detail of the solution technique, see 14] ψ(x, y) = − ∞∑ n=0 X_n(x)X_n(x^′)Y_n(y, y^′) (9a)

for −^a_2 < x <^a_2 , y < b, where

X_n(x) = √ 2 a sin [ k_{nx} ( x + a 2 )] , − a 2 < x < a 2 , (9b)

Y_n(y, y^′) = 1 2iγ1 [ e^{iγ1}|^{y−y0}| + R̃_{12}e^{−iγ1(y−h)+iγ1|h−y0|} ] , y < h, 1 2iγ1 T̃_{12} [eiγ2(y−h) − e−iγ2(y−2b+h)] , b > y > h, (9c)

(a) (b) Figure 1. The solution of a line source in a two-dimensional box with a = b = 1.5 m. The frequency is 2.2 GHz, ϵ_1 = 1, ϵ_2 = 4, Δ = 0.15 m, h = 0.25b, and (x^′, y^′) = (0, 0.2b). (a) α = 0 and one can see many reflections from the walls of the box. (b) α = 2, and little reflection is observed.

k_{nx} = nπ a , γ_1 = √ k^2_1 − k^2_{nx}, γ_2 = √ k^2 − k^2_{nx}. (9d)

R̃_{12} and T̃_{12} are generalized reflection and transmission coefficients, respectively, at the upper and lower interfaces [14]. To derive the solution in the complex coordinate system, we make use of Equations (6), and define

s_x(x) = { 1, 0 < x < x_m, 1 + iα (_{x−x} m 0.5a−xm )_2 , x_m < x <^a_2 ,

(10)

where x_m = 0.5a − Δ and Δ is a small real positive number. In this manner, in accordance to (34), we obtain the mapping

x̃ = { x, 0 < x < x_m, x + iα^{(x−x}m^{)3} 3(0.5a−xm)2 , xm < x < a 2 . (11)

In other words, x̃ assumes complex values in this complex coordinate stretching or map. The mapping is linear for most part except when x ≈ a/2. (This map is chosen as an illustration, because it resembles the parabolic profile often chosen in PML simulations. Other maps are also possible.) A similar map occurs for x < 0. Hence, in the complex coordinate system, the boundary of the box is defined by ã which is complex valued. Similar mapping can be defined for the y-axis such that y → ỹ, b → b̃, where ỹ and b̃ are complex valued.

Figure 1 shows the above solution (a) with, (b) without complex coordinate mapping. In (a) (α = 0, one clearly sees the reflection from the walls. (Only the domain 0 < x < 0.5a and 0 < y < 0.5b is plotted.) In case (b) (α = 2), the reflection from the wall is greatly diminished. In this case, as shown by Equation (11), the boundary of the box is located in a complex space. This result explains why PML remains highly absorptive (a) when a dielectric interface extends into the PML media, and (b) at the corner region of a simulation box laced with PML.

4. Cylindrical Coordinates

The solution of a line source in a cylinder with a perfectly conducting wall is [14] ψ(ρ, ϕ) = i 4 H^{(1)}_0 (k|æ − æ^′|) − i 4 ∞∑ n=−∞ J_n(kρ) J_n(kρ^′)H^{(1)}_n (ka) J_n(ka) e^{in(ϕ−ϕ0 )}. (12) We can define a map

ρ̃ = { ρ, 0 < ρ < ρ_m, ρ + iα^{(ρ−ρ}m^{)3} 3(a−ρm)2 , ρm < ρ < a, (13)

where ρ_m = a − Δ. Figure 2 shows the calculation of the above series summation formula for different values of α. When α > 0 (case (b)), complex coordinate mapping occurs near the wall according to Equation (13) and reflection is diminished.

(a) (b) Figure 2. The solution of a line source in a circular cylinder of radius 1.5 m where (x^′, y^′) = (0.5, 0.0) m. The frequency is 2.2 GHz, and Δ = 0.15 m. (a) α = 0, and one can see many reflections from the wall of the cylinder. (b) α = 2, and one sees little reflections.

5. Spherical Coordinates

The solution of a point source in a sphere with a homogeneous Direchlet boundary condition is [14]

ψ(r) = e^{ik|r−r0 |} 4π|r − r^′| − ik ∞∑ n=0 n∑ m=−n j_n(kr) Y_{nm}(θ, ϕ) Y^∗_{nm}(θ^′, ϕ^′) j_n(kr^′)h^{(1)}_n (ka) j_n(ka) , (14)

where Y_{nm}(θ, ϕ) = √ (n − m)! (n + m)!

2n + 1 4π P^m_n (cos θ)e^{imϕ}. (15)

The corresponding complex map is

r̃ = { r, 0 < r < r_m, r + iα^{(r−r}m^{)3} 3(a−rm)2 , rm < r < a, (16)

where r_m = a − Δ. Figure 3 shows the calculation of the above series summation formula. When α > 0 (case (b)), complex coordinate stretching occurs near the wall according to Equation (16) and little reflection is observed.

(a) (b) Figure 3. The solution of a point source in a sphere of radius 1.0 m with (x^′, y^′) = (0.0, 0.75) m. The frequency is 2.2 GHz, and Δ = 0.15 m. (a) α = 0, and one can see much reflections from the wall of the sphere. (b) α = 2, and little reflection is observed.

6. Conclusions

We have demonstrated that PML in Cartesian coordinates is equivalent to solving the wave equation or Maxwell’s equations in a complex coordinate system. Therefore, closed form solutions that exist in the real coordinate system map to solutions in the complex coordinate system. In the complex coordinate system, the boundaries exist in a complex space, providing absorbing boundary conditions. Hence, this transformation provides a new view of PML in the Cartesian coordinates, clearly showing that a mapping to a complex coordinate system does not induce reflections, explaining why PML works near the corner of a simulation region, and when a dielectric interface, or a metallic surface, extends to the edge of a simulation region.

The idea of a complex coordinate system can be further generalized to other curvilinear coordinate system. We have demonstrated the solutions and their absorbing boundary conditions in cylindrical as well as spherical coordinates.

References

[1] J. P. Berenger, “A perfectly matched layer for the absorption of electromagnetic waves,” J. Comp. Phys., no. 114, pp. 185-200, 1994.

[2] D. S. Katz, E. T. Thiele, and A. Taflove, “Validation and extension to three dimensions of the Berenger PML absorbing boundary condition for FD-TD meshes,” IEEE Microwave Guided Wave Lett., no. 4, pp. 268-270, 1994.

[3] W. C. Chew and W. H. Weedon, “A 3D perfectly matched medium from modified Maxwell’s equations with stretched coordinates,” Microwave Opt. Tech. Lett., no. 7, pp. 599-604, 1994.

[4] Z. S. Sacks, D. M. Kingsland, R. Lee, and J.-F. Lee, “A perfectly matched anisotropic absorber for use as an absorbing boundary condition,” IEEE Trans. Antennas Propag., vol. 43, no. 12, pp. 1460-1463, 1995.

[5] E. A. Navarro, C. Wu, P. Y. Chung, and J. Litva, “Application of PML superabsorbing boundary condition to non-orthogonal FDTD method,” Electronics Lett., 30, 20, pp. 1654-1656, 1994.

[6] R. Mittra and Ü. Pekel, “A new look at the perfectly matched layer (PML) concept for the reflectionless absorption of electromagnetic waves,” IEEE Micro. Guided Wave Lett., 5, 3, pp. 84-86, 1995.

[7] W. C. Chew, W. H. Weedon, and A. Sezginer, “A 3-D perfectly matched medium by coordinate stretching and its absorption of static fields,” ACES Digest, Monterey, CA, March, 1995.

[8] M. Gribbons, S. K. Lee, and A. C. Cangellaris, “Modification of Berenger’s perfectly matched layer for the absorption of electromagnetic waves in layered media,” Proc. 11th Ann. Rev. of Progress in ACES, Monterey, CA, March 20-25, pp. 498-503, 1995.

[9] Z.M. Liu, A.S. Mohan, T. Aubrey, and W.R. Belcher, “Techniques for implementation of FDTD method on a CM-5 parallel computer,” IEEE Antennas Propagat. Mag., vol. 37, no. 5, pp. 64-71, October 1995.

[10] Z. Wu and J. Fang, “High performance PML algorithms,” IEEE Microwave Guided Wave Lett., vol. 6, no. 9, pp. 335-337, September 1996.

[11] W.V. Andrew, C.A. Balanis, and P.A. Tirkas, “A comparison of the Berenger perfectly matched layer and the Lindman higher-order ABC’s for the FDTD method,” IEEE Microwave Guided Wave Lett., vol. 5, pp. 192-194, June 1995.

[12] J.R. Wait, “On the PML concept: a view from outside,” IEEE Antennas Propagat.

Mag., vol. 38, no. 2, pp. 48-51, April 1996.

[13] W. C. Chew and J. M. Jin, Special Issue: Absorbing Boundary Condition (ABC), Electromagnetics, vol. 16, no. 4, July-August, 1996.

[14] W. C. Chew, Waves and Fields in Inhomogeneous Media. Van Nostrand, New York, 1990 (reprinted by IEEE Press, 1995).